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^D Abstract. In 1980s, Thurston established a topological charac- 

^^ terization theorem for postcritically finite rational maps. In this 

paper, a decomposition theorem for a class of postcritically infinite 
branched covering termed 'Herman map' is developed. It's shown 
^^ that every Herman map can be decomposed along a stable multic- 

\^ urve into finitely many Siegel maps and Thurston maps, such that 

C^ the combinations and rational realizations of these resulting maps 

essentially dominate the original one. This result gives an answer 
ry^ to a problem of McMullen in a sense and enables us to prove a 

/^ Thurston-type theorem for rational maps with Herman rings. 



1. Introduction 

In 1980s, Douady and Hubbard |DH1| revealed the complexity of the 
cn family of quadratic polynomials. Contemporaneously, Thurston's 3- 

^ dimensional insights revolutionized the theory of Kleinian group Thl . 

i^ After then, Sullivan [Suj discovered a dictionary between these two ob- 

-^ jects. Applying quasiconformal method to rational maps, he translated 

O the Ahlfors' finiteness theorem into a solution of a long-outstanding 

^ problem of wandering domains. 

Based on Sullivan's dictionary, McMullen asked a question: Is there a 
. I^ 3-dimensional geometric object naturally associated to a rational map? 

/S For example, it's known that Haken manifolds have a hierarchy, where 

(^ they can be split up into 3-balls along incompressible surfaces. Mc- 

Mullen suggested to translate the Haken theory on cutting along gen- 
eral incompressible subsurfaces into a theory for rational maps with 



disconnected Julia sets. He posed the following problem ( |Mcl , Prob- 
lem 5.4): 
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Problem 1.1 (McMuUen). Develop decomposition and combination 
theorems for rational maps. 



In this article, we aim to answer this problem in a sense. We will 
develop a decomposition theorem for rational maps with Herman rings, 
or more generally for 'Herman maps'. Roughly speaking, a Herman 
map is a postcritically infinite branched covering with 'Herman rings' 
and postcritically finite outside the closure of all rotation domains. We 
will show that a Herman map can always be decomposed along a stable 
multicurve into two kinds of 'simpler' maps -Siegel maps and Thurston 
maps, such that the combinations and rational realizations of these 
'simpler' maps essentially dominate the original one. Here, roughly, 
a Siegel map is a postcritically infinite branched covering with 'Siegel 
disks' and postcritically finite outside the closure of all 'Siegel disks', a 
Thurston map is a postcritically finite branched covering. The precise 
formulation of the decomposition theorem requires a fair number of 
definitions and is put in the next section. 

The significance of the decomposition theorem is that it gives a 
way to extend Thurston's theory beyond postcritically finite setting. 
The theory deals with the following problem: Given a branched cov- 
ering, when it is equivalent (in a proper sense) to a rational map? 



Thurston Th2 gave a complete answer to this problem for postcriti- 



cally finite cases in 1980s by showing that such a map either is equiv- 
alent to an essentially unique rational map or contains a 'Thurston 
obstruction'. Here, an obstruction is a collection of Jordan curves such 
that a certain associated matrix has leading eigenvalue greater than 
1. The detailed proof of Thurston's theorem is given by Douady and 
Hubbard DH2 in 1993. The insights produce many new, sometimes 



unexpected applications in complex dynamics BFH Br , C , CTl E , Ge 



Go HSS, Se ST, PI Rl R3 Tl T2 ... Since then, many people have 



tried to extend Thurston's theorem beyond postcritically finite rational 
maps. Recently, progress has made for several families of holomorphic 
For example. 



HSS 



ex- 



maps, i'or example, Hubbard, Schleicher and Shishikura 

tended Thurston's theorem to postsingularly finite exponential maps 

Ae^; Cui and Tan CTl , Zhang and Jiang ZJ , independently, proved a 



Thurston-type theorem for hyperbolic rational maps; other extensions 
include geometrically finite rational maps and rational maps with Siegel 
disks 



CT2 Z2 



The decomposition theorem enables us to extend Thurston's theorem 
to rational maps with Herman rings. More generally, we have: 

Thurston-type theorems for rational maps with Herman rings can be 
reduced to Thurston-type theorems for rational maps with Siegel disks. 
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Besides, the decomposition theorem reveals an analogue between 
Haken manifolds and Herman maps (compare |Mcl Pl]): 



Haken manifold Herman map 

incompressible surfaces (I.S.) stable multicurve 

cutting along I.S. decomposition along stable multicurve 

finite procedure to find an I.S. finite iterate to get a stable multicurve 

resulting pieces are 3-balls resulting maps are Siegel/Thurston maps 

reducing theorems to 3-balls reducing theorems to Siegel/Thurston maps 

combination theorem build up rational map from renormalizations 

rigidity theorem rigidity theorem 

hyperbolic structure rational realization 

2. Definitions and main theorems 

Let 5^ be the two-sphere and / : S"^ — t- S"^ be an orientation preserving 
branched covering of degree at leat two. We denote by deg(/, x) the local 
degree of / at x G S*^. The critical set Qj of / is defined by 

nf = {xeS^;deg{f,x)>l}, 

and the postcritical set Pf of / is defined by 



^/ = U /"(^/)- 

n>l 

We say that / is postcritically finite if Pj is a finite set. Such a map 
is also called a Thurston map. For a Thurston map, we define a function 
Uf : S^ ^ NU{oo} in the following way: For each x E S'^, define Vf{x) (may 
be oo) as the least common multiple of the local degrees deg(/",y) for all 
n > and all y e S'^ such that f^{y) = x. Note that Ufix) = 1 if x ^ P/. 
We cad Of = {S^, vj) the orhifold of /. 

In the following, we will define two classes of postcritically infinite branched 
covering-Herman map and Siegel map-step by step. These maps are branched 
coverings with 'rotation domains' and postcritically finite elsewhere. Since 
the branched covering / will be required to have certain regularity (e.g. 
'holomorphic' or 'quasi-regular') in some parts of the two-sphere S^, it is 
reasonable to equip 5^ with a complex structure. For this, we will identify 
5^ with C = C U {oo} in our discussion. 

Definition 2.1 (Rotation domain). We say {Uq,--- ,Up-i) is a cycle of 
rotation disks (resp. annuli) of f if 

1. All Ui are disks (resp. annuli), with disjoint closures. Each boundary 
component of Ui is a Jordan curve. 

2. f should induce conformal isomorphisms Uq ^ Ui ^ ■ ■ ■ ^ Up-i ^ 
Up = Uq and the return map f^-.Uo^- Uq is conformally conjugate to an 
irrational rotation z i— )• e^'^^^z. 

3. Each boundary cycle of Ui contains at least one critical point of f. 
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By definition, two different cycles of rotation domains liave disjoint clo- 
sures. Moreover, in the case that all Ui are annuli, the union ^o<j<pdUj 
consists of two cycles of boundary curves, thus there are at least two critical 
points on Uo<j<pi9C/j. 

One may compare this definition with the definitions of Siegel disks and 
Herman rings for rational maps in [M|. In general, for rational maps, 
whether the boundary of a rotation domain contains a critical point de- 
pends on the rotation number. It's known from Graczyk and Swiatek |GS] 
that for any rational map, the boundary of a Siegel disk (or Herman ring) 
with bounded type rotation number always contains a critical point. On 
the other hand, there exist quadratic polynomials with Siegel disks whose 
boundaries do not contain any critical point (see [H2] or ABC| ) . We remark 



that in Definition 2.1 whether the boundary of a rotation domain contains 
a critical point is not essential, we need such an assumption simply because 
we want to concentrate on the combination of the branched covering rather 
than the complexity caused by the rotation number. Our method can be 
easily generalized. 

Definition 2.2 (Herman map and Siegel map). We say that f is a Herman 
map if f has at least one cycle of rotation annuli and postcritically finite 
outside the union of all rotation domains; a Siegel map if f has at least 
one cycle of rotation disks and postcritically finite outside the union of all 
rotation disks. 

Note that a Herman map may have rotation disks and a Siegel map has 
no rotation annuli. 

The category of branched covering consisting of Herman maps, Siegel 
maps and Thurston maps are called HST maps. Namely, a HST map is 
an orientation preserving branched cover such that each critical orbit either 
is finite or meets the closure of some rotation domain (if any). Given a 
HST map /, let URoif) be the number of rotation disk cycles, n^Aif) be 
the number of rotation annulus cycles, they satisfy n^D^f) + 2niiAif) < 
2deg(/) — 2. Obviously, a Thurston map / is a HST map with URoif) = 
"iT-RAif) = 0. The union of all rotation domains of / is denoted by Rf 
(probably empty). 

Definition 2.3 (Marked set). Let f be a HST map. A marked set P is a 
compact set that satisfies the following: 

1. f{P) CP._ 

2. P D PfURf and P - {PfURj) is a finite set. 

In this paper, we always use a pair {f,P), a branched covering together 
with a marked set, to denote a HST map. 

Definition 2.4 (C-equivalence and q.c-equivalence). Two HST maps (/, P) 
and {g,Q) are called comhinatorially equivalent or 'c- equivalent' for short 
(resp. q.c- equivalent), if there is a pair {(p,tp) of homeomorphisms (resp. 
quasi- conformal maps) of C such that 



A DECOMPOSITION THEOREM 5 

1. (po f = g o ip and (t){P) = Q- 

2. (p and ip are holoniorphic in Rf. 

3. (p and ip are isotopic rel P. That is, there is a continuous map 
if : [0, 1] X C — )• C such that for any t G [0, 1], H{t, ■) : C ^ C is a homeo- 
morphism, H{0, •) = cp, H{1, ■) = ip and H{t, z) = (p{z) for any t G [0, 1] and 
any z £ P. 

In this case, we say that {f,P) is c-equivalent (resp. q.c- equivalent!) to 
{g,Q) via {(p,ip). If {g,Q) is a rational map, we cah {g,Q) a rational real- 
ization (resp. q.c-rational realization) of {f,P)- Note that if {f,P) has a 
q.c-rational reahzation, then (/, P) is necessarily a quasi-regular mapll 

A Jordan curve 7 C C \ -P is called null-homotopic, (resp. peripheral) if 
a component of C \ 7 contains no (resp. one) point of P; non-peripheral (or 
essential) if each component of C \ 7 contains at least two points of P. 

Definition 2.5 (Multicurve and Thurston obstruction). A multicurve T = 
ItI)""" )7n} is a collection of finite non-peripheral, disjoint, and no two 
homotopic Jordan curves in C\P. Its {f, P) -transition matrix Wr = {aij) 
is defined by 



Hj 



y 1 



-7i 



deg(/ : a -^ 7j) ■ 



where the sum is taken over all the components a of f^^i'^j) which are 
homotopic to ^i in C\P. 

A multicurve T in C \ P is called {f,P) -stable if each non-peripheral 
component of f~^{j) for j £T is homotopic in C\ P to a curve 5 £ T. 

We say that a multicurve T is a Thurston obstruction if T is {f,P)- 
stable and the leading eigenvalu\\\{T , f) of its transition matrix Wy satisfies 

A(r,/)>i. 

For convention, an empty set F = is always considered as a (/, P)-stable 
multicurve with A(r, /) = 0. A map without Thurston obstructions is called 
an unobstructed map. Else, it is called an obstructed map. 

The following characterization theorem, due to Thurston, is fundamental 
in complex dynamical systems: 

Theorem 2.6 (Thurston, [DH2,Th2]). Let {f,P) be a Thurston map. Sup- 



pose that Of does not have signature (2,2,2,2). Then {f,P) is c-equivalent 
to a rational function (R, Q) if and only if (/, P) has no Thurston obstruc- 
tions. The rational function (R, Q) is unique up to Mobius conjugation. 

The original version {P = Pf) of Thurston's theorem is proven by Douady 



and Hubbard DH2 , while the 'marked' version is proven in [BCTj 



A quasi-regular map is locally a composition of a holomorphic map and a quasi- 
conformal map. 

The leading eigenvalue of a square matrix A is the eigenvalue with largest mod- 
ulus. It's known that if A is non-negative (i.e. each entry is non- negative) , then its 
leading eigenvalue is real and non-negative. 
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To extend Thurston's theorem to rational maps with Herman rings, we 
estabhsh the following main theorem of the paper: 

Theorem 2.7 (Decomposition theorem). Let (/, P) he a Herman map, then 
there exist a {f,P)-stable multicurve T and finitely many Siegel maps and 
Thurston maps, say (/ifc,Pfc)fceA, where A is a finite index set, such that 

1. (Combination part.) {f,P) has no Thurston obstructions if and only 
if X{T,f) < 1 and for each fc € A, {hk,Pk) has no Thurston obstructions. 

2. (Realization part.) (/, P) is c-equivalent to a rational map if and only 
if X{T, /) < 1 and for each k £ A, (hk, Pk) is c-equivalent to a rational map. 



Theorem 2.7 actually answers a problem of McMullen ( iMcll, Problem 



5.4) in a sense. It gives a way to understand Herman maps (obstructed or 
not), in particular rational maps with Herman rings, in terms of the simpler 
ones (/ifc,Pfc)'s. The theorem develops a theory for rational maps, paral- 
lel to the Haken theory for manifolds. It is known that Haken manifolds 
can be split up into 3-balls along incompressible surfaces. On the other 
hand, combination theorems of Klein and Maskit allows one to build up a 
Klein group with disconnected limit set from a number of subgroups with 
connected limit sets (see Ma, Mel]). The decomposition theorem translates 



this theory to Herman maps in the following way: one can decompose a Her- 
man map along a stable multicurve into several Siegel maps and Thurston 
maps whose combinations and rational realizations dominate the original 
one. Conversely, one can rebuild a rational map with disconnected Julia set 
from a number of renormalizations with connected Julia sets. 



Let's briefly sketch how to get the maps {hk,Pk)ke/v in Theorem 2.7 
Given a Herman map (/, P) , we first choose a collection of /-periodic an- 
alytic curves Tq in the rotation annuli and their suitably chosen preimages 
r. The curves in Tq U F decompose the complex sphere into finitely many 
multi-connected pieces, say S^,- ■ ■ , S^. The action of {f,P) on the sphere 
induces a well-defined map 

f,:{S\---,S'}^{S\--- ,S'} 

from these pieces to themselves. Under the map /*, each piece is pre- 
periodic. Each cycle of these pieces corresponds to a renormalization of 
(/, P), which takes the form f^'' : Ek ^- Sk- Here, pk is a positive integer, 
Ek,Sk are multi-connected domains with Ek C Sk G {S'"'^,--- ,S^}. These 
renormalizations have canonical extensions to the branched coverings of the 
sphere, which are in fact the resulting maps {hk, Pk)keA- Details are put in 
Section [3l 



Remark 2.8. Here are some facts on Theorem 2.1: 

1. The multicurve T can he an empty set. See Example 3.2. 

2. The number of the resulting Siegel maps is at least two and at most 
nij£)(/) -|-2nRyi(/). The number of the resulting Thurston maps can be zero 



(see Example 3.2). 
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3. If A(r, /) < 1, then for any resulting Thurston map {hk,Pk), the 



signature of its orbifold is not (2,2,2,2) (see Lemma 3.1). By Thurston's 
theorem, {hk,Pk) has no Thurston obstructions if and only if {hk,Pk) is 
c-equivalent to a rational map. 

Given a HST rational map {f,P), let Rtop{f,P) (resp. Rqc{f,P)) be 
the set of all rational maps c-equivalent (resp. q.c-equivalent) to {f,P). 
We define the space M^{f,P) to be Ru){f,P) modulo Mobius conjugation, 
where uj £ {top,qc}. If {f,P) is postcritically finite, one may verify that 
Mtopif,P) = Mqc{f,P)', if we further require {f,P) is not a Lattes map, it 
follows from Thurston's theorem (rigidity part) that Mtop{f,P) is a single 
point. In general, it's not clear whether Mtop{f,P) = Mqc{f,P) or whether 
Mqc{f, P) consists of a single point (this problem is related to the 'No In- 
variant Line Field Conjecture'), but we have the following: 

Theorem 2.9 (Rigidity theorem). Suppose that {f,P) is a Herman rational 
map. Then there are finitely many Siegel rational maps (/ifc) -Pfc)i<A,<m such 
that 

Mgcif, P) = Mq,{hi, Pi) X • • • X Mg,{hm, Pm). 

Theorem |2.9| is in fact the 'rigidity part' of Theorem |2.7[ In particular, 
it implies Mqc{f, P) is a single point if and only if all Mqc{hk, Pk) are single 
points. 

For obstructed Herman maps and Siegel maps, it follows from a theorem of 



McMullen (see [Mc2j or Theorem 5.2 ) that they have no rational realizations. 
In particular, Theorem 2.7 implies that any Thurston obstruction of {f,P) 
either is contained in F or comes from one of the resulting maps {hk, PkYs. 
For unobstructed Herman maps or Siegel maps, whether they have ra- 
tional realizations is a little bit involved. For example, we consider the 



formal mating (see YZ for the definition) of two quadratic Siegel poly- 



nomials fg^ and fg^ with bounded type rotation numbers, where fa{z) 

27Tia. , ^.Stt' 



z^ -|- ^-Q— (1 — "^ 2 )• "^^^ resulting map is an unobstructed Siegel map. If 



^1 + ^2 = Imod Z, then the Siegel map has no rational realization. On the 
other hand, if 9i + 02 ^ Imod Z, Yampolski and Zakeri [YZ] showed that 
the Siegel map has a unique rational realization. Based on this example 
and following the idea of Shishikura |Slj , many unobstructed Herman maps 
which have no rational realizations are constructed in IW]. 

The following result reveals an 'equivalence' between one unobstructed 
Herman map and several unobstructed Siegel maps: 

Theorem 2.10 (Equivalence of rational realizations). Given an unobstructed 
Herman map (/, P), there are at most f^_RD(/)+2?^/JA(/) unobstructed Siegel 
maps {hk,Pk)i<k<m, such that the following two statements are equivalent: 

1. {f,P) has a rational realization. 

2. Each map of (hk, Pk)i<k<m has a rational realization. 



Theorem 2.10 implies Thurston- type theorem for Herman rational maps 



can be reduced to Thurston-type theorem for Siegel rational maps. 
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At last, we give a significant application of Theorem 2.7 It's a Thurston- 



type theorem for a class of rational maps with Herman rings: 

Theorem 2.11 (Characterization of Herman ring). Let {f,P) be a Herman 
map. Suppose that (/, P) has only one fixed annulus A of bounded type 
rotation number and P \ A is a finite set. Then (/, P) is c-equivalent to a 
rational function {R, Q) if and only if (/, P) has no Thurston obstructions. 
The rational function (R, Q) is unique up to Mobius conjugation. 

An irrational number G (0, 1) is of bounded type if its continued fraction 



[oi, 02, • • • ] satisfies sup{a„} < +oo. The proof of Theorem 2.11 is based on 



Theorems 2.6 and 2.10 and a theorem of Zhang Z2 on characterization of 



a class of Siegel rational maps. 

Strategy of the proof and organization of the paper. The idea 'de- 
composition along a stable multicurve' was initially implicated in Shishikura's 
paper on Herman-Siegel surgery [Sl]. Cui sketched this idea to prove a 
Thurston- type theorem for hyperbolic maps in his manuscript ICl. Pil- 



grim PI , P2 used this idea to develop a decomposition theorem for ob- 



structed Thurston maps. In the rewritten work CTl of [C], Cui and Tan 
successfully developed this idea to prove a characterization theorem for hy- 
perbolic rational maps. 



Our proof more or less follows the same line as in CTl . In both settings, 
we first choose a specific multicurve and use it to decompose the complex 
sphere into several pieces. The essential difference is: in their case |CT1|, 
these pieces have disjoint closures and their preimages are compactly con- 
tained in themselves; in our case, each of these pieces will touch several 
other pieces and the preimages of them may be not compactly contained 
in themselves. This leads to several differences in the proof, especially the 
technical difference in Section [6l 

The organization of the paper is as follows: 

In Section ^ we will decompose a Herman map (/, P) into a number 
of Siegel maps, Thurston maps and sphere homeomorphisms {hk,Pk)i<k<n 
along a collection of /-periodic analytic curves Pq (contained in the rotation 
annuli) and their suitably chosen preimages P. 

In Section |4j we study the decomposition of stable multicurves. We show 
that each stable multicurve C of (/, P) will induce a submulticurve Cr of 
P and a stable multicurve S^ of {hk,Pk) for all 1 < A; < n, such that the 
following identity holds: 

A(C, /) = max [x{Cr, /), VA(Si,/ii), • • • , VA(Sn,/in)}. 

Conversely, each stable multicurve S^ of {h^, Pk) will generate a (/, P)-stable 
multicurve C and a submulticurve Cr of P satisfying the above reduction 



identity. This enables us to prove the 'combination part' of Theorem 2.7 

The 'realization part' will be discussed in Sections [5] and [6| In Section 
[5} we prove the necessity and a special case of sufficiency of the 'realization 
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part' of Theorem 2.7 In Section[6J we prove the sufficiency of the 'reahzation 



part' in the general case F 7^ 0. The crucial and technical part is to endow 
the algebraic condition A(r, /) < 1 with a geometric meaning. This will 
be done from Section 16.11 to Section 16.51 We will show that this condition 



is equivalent to the Grotzsch inequality (Lemma 6.6). Thus it allows us 
to reconstruct the rational realization of (/, P) by gluing the holomorphic 
models of {h]f_,Pk)i<:_k<_n along the multicurve F without encountering any 
'gluing obstruction'. 

In Section [7j we discuss the renormalizations of rational maps and prove 
Theorem |2.9[ A straightening theorem for rational-like maps is developed 



in Section 17.11 In Section 7.2, we discuss the renormaliztions of Herman 



rational maps. In Section 7.3, we prove Theorem 2.9 



Theorems 2.10 and 2.11 are consequences of Thurston's theorem and the 



decomposition theorem, we put the proofs in Section [8] 

Notations and terminologies. The following are used frequently: 

1. Given a collection of Jordan curves C (not necessarily a multicurve) 
in C — P. For any integer A; > 0, we denote by f~ {C) the collection of all 
components 6 of /~ (7) for 7 G C 

2. Let A^ be a collection of subsets of C. We use U7W to denote UmgmM- 

3. Let A = (ttij) be a square real matrix. The Banach norm ||j4|| of A 
is defined to be (^ |ajjp)^'^. The spectral radius sp{A) of A is defined by 
sp(^) := lim a/II^'^II- It's known from Perron-Frobenius theorem that if A 
is non- negative, then its leading eigenvalue is equal to sp(^). 

4. Given two multicurves Fi and F2 in C — P. We say that Fi is ho- 
motopically contained in F2, denoted by Fi ~< F2, if each curve a E Fi is 
homotopic in C — P to some curve /3 G F2. We say that Fi is identical to 
F2 up to homotopy, if Fi -< F2 and F2 -< Fi. 

5. Let D and ft be two planar domains and f : D ^ Q he a quasi-regular 
map, the Beltrami coefficient /i/ of / is defined by /U/ = g|/gj. 

6. For a subset E' of C, the characteristic function xe '■ C — )■ {0, 1} is 
defined by xe{z) = I ii z £ E and xe{z) = ii z ^ E. 

7. Let f] be a connected and multi-connected domain in C, bounded by 
finitely many Jordan curves. We denote by dO, the boundary of $7, and d{^) 
the collection of all boundary curves of fi. Obviously, dU = U9(r2). 

8. The closure and cardinality of the set E are denoted by E and ^E 
respectively. 
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3. Decompositions of Herman maps 

In this section, we will decompose a Herman map into finitely many Siegel 
maps and Thurston maps along a collection of /-periodic analytic curves 
and their suitably chosen preimages. The idea we adopt here is inspired by 



Cui- Tan's work on characterizations of hyperbolic rational maps [CTl and 
Shishikura's 'Herman-Siegel' surgery |S1]. 

3.1. Decomposition along a stable multicurve. Let (/, P) be a Herman 
map, A be the collection of all rotation annuli of /. For each A G A, we 
choose an analytic curve 'ja C A such that 7yin/(P — U^) = (this implies 
that 7A avoids the postcritical set and the images of other marked points) 
and /(7a) = 7/(yl)- It's obvious that if fP{A) = A, then fP{-fA) = lA- 

Let Fq = {7a; ^ £ -4}, we first show that Fq can generate a unique 
(/, P)-stable multicurve up to homotopy. 

Lemma 3.1. Given a choice o/ Fq, there is a {f,P)-stable multicurve F 
such that: 

• (Invariant) For any 7 G F, we have f{^) € F U Fq. 

• (Maximal) F represents all homotopy classes of non-peripheral curves 
o/Ufc>ir'=(Fo)-Fo inC-P. 

Moreover, the multicurve F is unique up to homotopy. 

Proof. First, there is a multicurve Fi in C — P such that Fi C /"^(Fq) — Fq 
and Fi represents all homotopy classes of non-peripheral curves of f~^ (Fq) — 

To. 

Such Fi is not uniquely chosen. But any two such multicurves are identical 
up to homotopy, thus they have the same number of curves. 

For re > 2, we define F„ inductively in the following way: 

• TnCf-\Tn-l). 

• Fi U • • • U F„ is a multicurve in C — P. 

• Fi U • • • U F„ represents all homotopy classes of non-peripheral curves 
ofr"(Fo)-Fo. 

Since any two distinct curves in Ufc>i/~'^(Fo) — Fq are disjoint and P has 
finitely many components, we conclude that Uj!c>i/~^(Fo) — Fq has finitely 
many homotopy classes of non-peripheral curves in C — P. It turns out that 
#(Fi U • • • U F„) is uniformly bounded above by some constant C{P). Thus 
there is an integer A^ > such that F^r / and Fjv+i = FAr+2 = • • • = 0. 



(It can happen that A^ = 0, see Example 3.2 ) 

We set F = if A^ = and F = y^i<j<N^j if iV > 1. By the choice 
of A^, F is a (/, P)-stable multicurve. By construction, for any 7 G F, we 
have 7(7) G F U Fq. The homotopy classes of F is uniquely determined by 
those of non-peripheral curves in Ufc>i/~'^(Fo) — Fq. So F is unique up to 
homotopy. D 

Here we give an example to show that F can be an empty set. 
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Example 3.2. (F = 0) The example is from Shishikura's paper Sli Let 

pia ^ 2: — r \'2 



,1 — rz/ 

where a & M and < r < 1/5. We may assume that a is properly chosen 
such that f has a fixed Herman ring H containing the unit circle S, with 
hounded type rotation number (Remark: in this case, each boundary compo- 
nent of H is a quasi-circle containing a critical point of f). There are two 
other critical points: r and 1/r, both of which are eventually mapped to a 
repelling cycle of period two, and f{r) = f^{r) = 0,f'^{r) = /(1/r) = oo. 
We choose Fq = {§}. Let P = HU Pf = -ff U {0, oo}. Since each component 
of C — H is a disk containing exactly one marked point in P, the set T is 
necessarily empty. 

Let S = ToUr. In the following, we will use E to decompose the complex 
sphere C into finitely many pieces. We define 

S = {U; U is a connected component of C — US}, 

£ = {V; y is a connected component of C — U/~^(S)}. 

Each element of S (resp. £) is called an 5-piece (resp. <S-piece). The 
following facts are easy to verify: 

• Every £-piece E is contained in a unique S-piece and f{E) G S. 

• For every S-piece S, we have #{S (1 P) + #5(5') > 3. Moreover, the 
£ -pieces contained in S form a partition of S, that is, S = L){E ^ £;E C S}. 

• For each curve 7 E E, there exist exactly two S -pieces, say S^ and S~ , 
that share ^ as a common boundary component. 

Definition 3.3. Let T be a connected and closed subset of some S-piece S. 
We say that T is parallel to S if dT n P = and each component of S \T 
is either an annulus contained in S — P, or a disk containing at most one 
point in P. 

Note that if T is parallel to S and A is an annular component of S* \ T, 
then one boundary curve of A is on 5. Moreover, ^{T D P) + #5(T) > 

#{SnP) + #d{S)>3. 

Here is an important property of the 5-pieces: 

Lemma 3.4. For every S-piece S, there is a unique £-piece parallel to S. 

Proof. Let Ci be the collection of all curves of /~^(S), contained in the 
interior of S and non peripheral in C — P. Since T is (/, P)-stable, each 
curve 7 G Ci is homotopic in C — P to exactly one boundary curve, say r^, 
of S. Let ^(7) be the open annulus bounded by 7 and r^. Since distinct 
curves in /~^(S) are disjoint, we conclude that for any two curves 71, 72 G Ci, 
the annuli ^(71) and ^(72) either are disjoint or one contains another. Thus 
U^gCi^(7) consists of finitely many annular components. 

Let C2 be the collection of all curves of /^-"^(S), contained in S*— U^gCi (^(7)U 
T-y), peripheral or null homotopic in C — P. Then each curve a £ C2 bounds 
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S^ 





S3 




Sa 



Figure 1. Four examples: ii^j (shadow region) is parallel 
to Si. Pi, qi are marked points in P. Here, 5*1 is an 
annulus with one marked point, 5*2 has three boundary 
curves and contains no marked point, both S3 and 5*4 are 
disks with two marked points. 



an open disk D{a) C S. Moreover, for any two curves ai,a2 G C2, the 
disks D{ai) and D(a2) either are disjoint or one contains another. Thus 
UQ,gC2^(«) consists of finitely many disk components. 

The set Es := S — U-ygCi(^(7) U r-y) — UagC2-C'(a) is a closed and non- 
empty set. It is connected since each component of C — Es is a disk. The 
interior of Es contains no curve of /~^(S), thus it is an iS-piece. It is in fact 
the unique <5-piece parallel to S by construction. D 



See Figure 1 for the examples of 'parallel' pieces. In the following discus- 
sion, we always use £^5 to denote the £^-piece parallel to S. 



Based on Lemma 3.4, we see that {f,P) induces a well-defined map /* 
from S to itself: 

f,:SBS^ f{Es) G S. 

Since there are finitely many 5-pieces, every 5-piece is pre-periodic. 
For each curve 7 G d{S), there is a unique boundary curve /3^ G d{Es) 
such that either /3^ = 7, or /3^ and 7 bound an annulus in S* — P. We define 
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three sets do{S),di{S),d2{S) as follows: 

doiS) = {7e9(S);7Gro}, 

di{S) = {7e9(S);7//37}, 
d2{S) = {7G9(S);7 = /3^}-ro. 

Lemma 3.5. If do{S) ^ 0, then we have: 

1. For any 7 G d^^S), 7 = /3^. 

2. S is f^ -periodic. 

3. #do{S) = #doiMS)). 

Proof. 1. Note that each component of 5 — Es is either a disk containing at 
most one point in P, or an annulus in C — P. It follows that if 7 G do{S), 
then 7 C P and 7 = /3-j.. 

2. Take a curve 7 G c?o(5') and let ^-^ G ^ be the rotation annulus 
containing 7. Then from 1 we see that S n A-,, = Es H ^4^. This implies 
f{S n A^) = /*(£') n f{Ay). Let A; > 1 be the period of A^. Then we have 
SnA^ = fHSnA^) = fj^iS) n f{A^) = f^S) n A^. Thus f!^{S) = S and 
the period of S* is a divisor of k. 

3. It follows from 1 that if 7 G do{S), then f{j) G doif^S)). So 
if=do(S) < #do{f^{S)) < ■■■. Since S is /^.-periodic (by 2), we have 
#5o(5) = #ao(/*(5)). D 



It follows from Lemma 3.5 that di{S),i G {0, 1,2} are mutually disjoint 



and d{S) = do{S) U di{S) U 82(8). 

Remark 3.6. Suppose do{S) 7^ 0. For each 7 G do{S), let per(7) 6e the 



period of ^. From Lemma 3.5 we see that the f ^-period of S is a devisor of 
gcd{per(7);7 G do{S)}. In particular, i/ gcd{per(7);7 G do{S)} = 1, then 
f*{S) = S and for any 7 G do{S) and any k > 0, we have f^{'~i) G do{S). 

For example, suppose that (/, P) has two cycles of rotation annuli whose 
periods are different prime numbers, say p andq. If do{S) ^ 0, then #5o(5) 
takes only four possible values: 1, p, q and p + q. 

3.2. Marked disk extension. For each 5-piece S, we denote by C{S) the 
Riemann sphere containing S. We always consider that different 5-pieces 
are embedded into different copies of Riemann spheres. 

In the following, we will extend /|_Bg to a branched covering Hs '■ C{S) — t- 
C(/*(5')) with deg{Hs) = deg{f\Es)- The extension is canonical and unique 
up to c-equivalence. If / is quasi-regular, we may also require Hs is quasi- 
regular. To do this, we need to define the map Hs : C{S)—Es — >• C(/* (S)) — 
/*(S') such that HsIoes = fldEs- We will define Hs component by compo- 
nent. 

Note that each component of C(5) — Es is a disk. Let U be such a 
component with boundary curve 7. 

We first deal with the case when 7 G do{S). In this case, there is a 
rotation annulus A^ containing 7. Let k > 1 he the period of A^ and 
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(po ■ S D A-y — 7- A/j := {z € C; 1 < \z\ < R} be the confornial map such that 



0o/V, 



kj.-'^l 



e z for z G A/j. For 1 < j < A; — 1, we define a conformal 



map from f^S n ^^) onto Ar by 0,- = (pof'' H f]tQn.A^ ^• Then we have the 



foUowing commutative diagram 



\p(SnA.,)- 



SnA^ 



Ar 



fiSriA, 



Ai? 



id 



f-\snA^)^^snA^ 



■Ar 



id 



■Ar 



Let Dr = {z G C; |z| < R}. For < j < fc, we consider the disk Aj 
obtained by gluing /^(SdA^) and Or via the map (pj. The disk Aj inherits 
a natural complex structure from Dr since (pj is holomorphic. 




CiS) 



c{MS)) 



Figure 2. Marked disk extension. Here (95* = 71 U72 U 
73 U 74, (9/* (S*) = 75 U 76 U 77. Marked points are labeled 

by '•'. 
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The map H ,3,^. : Aj — ;■ A^+i defined by 

'f{z), zeP{SnA^),o<j<k, 

z, z GO, 1 < j < k. 

is a holoniorphic extension of /{e along tlie boundary curve f^{^) £ 

doifiiS)). We call Aj a holoniorphic disk of H.j,^.. This construction 

allows us to define the extensions of /|_Eg, • • • , /|_b ;_i (where / is the /*- 

/* (■5) 

period of S) along the curves in 90(5") U • • • U do{f[^^{S)) at the same time. 
We denote by A^ C Aj the sub-disk of Aj with boundary curve /•'(7), Oj 
the center of Aj. In this case, we get a marked disk (Ay, Oj). 

Now, we consider the case when 7 G d{Es) \ dQ{S). Note that either 
U C S and U contains at most one point in P, or f^ contains exactly one 
component V of C{S) — S. In the former case, if U contains a marked point 
p £ P, then we get a marked disk {U,p); if C/ n P = 0, then we don't mark 
any point in U. In the latter case, we mark a point p £ V and get two 
marked disks {U,p) and {V,p). 

Now we extend /{es to U in the following fashion: 

We require that Hs maps U onto {W,q) with deg{Hs\u) = d&sifldu), 
where (W,q) is the marked disk of C(/*(S')) — f*{S) whose boundary curve 
is f{dU). If U contains a marked point p, we require further H{p) = q and 
the local degree of Hs at p is equal to deg{f\Qu). If U contains no marked 
point, we require that q is the only possible critical value (this implies that 
U contains at most one ramification point of Hs). 

In this way, for each 5-piece S, we can get an extension Hs : C{S) — )■ 
C(/,(5)) oiflEs- Let Z{S) = {p; {V,p) is a marked disk in C{S)-S}, D{S) 
be the union of all holomorphic disks of Hs- Note that if do{S) = 0, then 
DiS) = 0. Set 

p(S) = {PnS)u z{S) u D{S). 

We call (C(5), P{S)) a marked sphere of C{S). By the construction of Hs, 
we see that HsiP{S)) C P(/*(5)). 

We know that every 5-piece is eventually periodic under the map /*. 
Let n be the number of all /^-cycles of 5-pieces. These cycles are listed as 
follows: 

where S^ is a representative of the z^-th cycle and pi, is the period of S^- 
Set 

hu = Hj,p^-i^g^-^ o • • • o Hf^(^Sr,) ° Hs^, Pu = PiSu), l<v<n. 

Then hi, : C{Su) — )■ C{Su) is a branched covering with hi,{Py) C Pp. 

These resulting maps {hi. Pi), • • • , (/i„, P„) can be considered as the renor- 
malizations of the original map (/, P). There are three types of them: 
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• doiSu) ^ 9 or Su contains at least one rotation disk of {f,P). In this 
case, {hy,Py) has at least one cycle of rotation disks, so {hy,Py) is a Siegel 
map. Moreover, a curve 7 G do{Si,) in a rotation annulus of {f,P) with 
period p and rotation number 6 becomes a periodic curve in a rotation 
disk of {hu,Pu), with period p/pu and rotation number 6. One may verify 
that the number of these resulting Siegel maps is at least two, and at most 
2nRA(/) + nRD{f). 

• dQ{Si,) = 0, Sy contains no rotation disk of {f,P) and deg{hu) > 1. In 
this case. Pi, is a finite set and (h^, Py) is a Thurston map. 

• dQ{Su) = 0, Sy contains no rotation disk of {f,P) and deg{hy) = 1. In 
this case, {hy, Py) is a homeomorphism of C^Sy) and hy{Py) = Py. So every 
point of Py is periodic. Moreover, for any S G {Sy^ f*iSy), • • • , fl"^ {Sy)}, 
each component of S* — Eg is an annulus. 

Let A be the index set consisting of all z/ G {!,••• -.n} such that deg{hy) > 
1. That is, for each z^ G A, {hy,Py) is either a Siegel map or a Thurston 
map. Let A* = {1, • • • ,n} — A. 

We use the following notation to record the above decomposition and 
marked disk extension procedure: 

Dec(/,P)= ( ihy,Py)] . 

\ ueAuA* / r 

Lemma 3.7. If X{r,f) < 1, then 

1. For any 1 < i' < n, every point in Z{Sy) is eventually mapped to either 
the center of some rotation disk or a periodic critical point of {hy, Py). 

2. A* = 0. 

3. If {hy,Py) is a Thurston map, then the signature of the orbifold of 
{hy,Py) is not (2,2,2,2). 

Proof. Since hy{Z{Sy)) C Z{Sy) and Z{Sy) is a finite set, we conclude that 
every point in Z{Sy) is eventually periodic under the iterations of {hy,Py). 

If r = 0, then d{Sy) C Tq and all resulting maps {hy, Py) are Siegel maps. 
The marked disk extension procedure implies that every point in Z(Sy) is 
the center of some rotation disk. The conclusions follows immediately in 
this case. 

In the following, we assume T / 0. Let zq be a periodic point in Z{Sy) 
with period k. Suppose that zq is not the center of any rotation disk, and 
let j3 be the boundary curve of Sy that encloses zq. Then there is a unique 
component of hy'^{/3), say a, contained in 5,^ and homotopic to /3 in C{Sy) — 
Py. Thus 

deg{ht, zo) = degiht : a ^ /3) = degif'^-^ : a ^ P) > A(r, f)-''^-^ > 1. 

This implies that zq lies in a critical cycle and deg{hy) > 1. It follows that 
A* = and there is no (2, 2, 2, 2)-type Thurston map among (hy, Py)y^A- ^ 
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4. Combination part: decompositions of stable multicurve 
In this section, we will prove the following: 
Theorem 4.1. Let {f,P) be a Herman map, and 

Dec(/,P)= [ {K,P,)\ . 

Then {f,P) has no Thurston obstructions if and only ifX{T,f) < 1 and for 
each 1/ G A, {hu,P^) has no Thurston obstructions. 

Note that if {f,P) has no Thurston obstructions or A(r, /) < 1, then 



A* = (see Lemma 3.7) 



The proof of the 'sufficiency' of Theorem 4.1 is based on the decompo- 



sition of (/, i-*)-stable multicurves. We will show that every (/, P)-stable 



multicurve contains an 'essential' submulticurve (Lemma 4.2), and every 
such essential submulticurve can be decomposed into a T-part' multicurve 
together with a {hv, Py)-stable multicurve for each u G [1, n]. The important 
fact of this decomposition is that the leading eigenvalues of the transition 



matrices satisfy the so-called 'reduction identity' (Theorem 4.3). 

To prove the 'necessity' of Theorem |4.1[ we will show that every (/ijy, -Pi/)- 
stable multicurve S can generate a (/, P)-stable multicurve C with A(S, h^y) < 

Lemma 4.2 ('Essential' submulticurve). Let Cq be a {f,P)-stable multic- 
urve, then there is a {f,P)-stable multicurve C, such that 

1. C is homotopically contained in Cq. 

2. Each curve of C is contained in the interior of some S-piece. 

3. A(C,/) = A(Co,/). 

Proof. For n > 1, we define a multicurve C„ inductively: C„ C /^^(Cn-i) and 
Cn represents all homotopy classes of non-peripheral curves of /^^(C„_i). 
Since Co is a (/, P)-stable multicurve, we conclude that all C„ are (/, P)- 
stable, and C„ is homotopically contained in Cn-i- Let Wn be the {f,P)- 
transition matrix of Cn for n > 0, then 

w - / ^"+1 * 



n 



o o 



Thus A(Co,/) = A(Ci,/) = A(C2,/) = •••. By the construction of T, 
there is an integer A^ > such that T C /""(Fq) for all n > N, where Fq 
is the choice of a collection of /-periodic curves in the rotation annuli (see 
the previous section). Since UFq has no intersection with UCq, we conclude 
that /""(UFo) has no intersection with f~"'(L)Co) for all n > 1. Thus when 
n> N,we have UCn C /""(UCo) C C \ /""(UFq) C C \ U(F U Fq). This 
implies that each curve of C„ is contained in the interior of some 5-piece. 
The proof is completed if we set C = €„, for some n > N. D 
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Theorem 4.3 (Decomposition of stable multicurve). LetC be a (/, P)-stahle 
multicurve. Suppose that each curve ofC is contained in the interior of some 
S-piece. Let 

Cr = {7 £ C; 7 is homotopic in C — P to a curve of T}, 

Sjy = {7 G C — Cr;7 is contained in S^}, z^ € A U A* = [l,n]. 

Then Cr is a {f,P)-stable multicurve, T,,y is a {hu-,Pv)- stable multicurve for 
each V G [l,?^], and we have the following reduction identity: 

X{C, f) = max {A(Cr, /), VA(Si,/ii), • • • , VA(S„,/i„)}. 

Remark 4.4. In Theorem \4.3[ the multicurve Ti^, can be viewed as a multi- 
curve of [h^^Py), this is because under the inclusion map i^ : S^ ^^ C{Su), 
the set i-uC^u) '■= {'•1^(7); 7 S T,^} is a multicurve in C{Su) — Pu- We still 
use Tiy to denote the multicurve i^{Tjy) if there is no confusion. 
One may show directly that if A* 7^ 0, then for any v G A*, 

0, i/S, = 0. 



A(S 



n i^v) 



This observation can simplify the reduction identity. 

Proof. The fact that Cr is (/, P)-stable is easy to verify since both F and 
C are (/, P)-stable. Let S^ = {7 G C — Cr;7 is contained in f^{S,^)} for 
< k < p,^. It's obvious that T,^ = Yfy = Sj^. Since C is (/, P)-stable, each 
non-peripheral component of f~^{'y) for 7 G E^+^(0 < k < py) is homotopic 
in C — P to either a curve a G Cr, or a curve /3 G S^, or a curve 5 contained 
in a strictly preperiodic 5-piece. 

By the definition of the marked set P{f^{Sy)), one can verify that the 
set Ef; is a multicurve in C{f^{Sy)) — P{f!^{Sy)). Moreover, each curve 
7 G Cr contained in f!^{Sy) is peripheral or null-homotopic in C{f^{Sy)) — 
P{f*{Su))- Thus for any < k < p^ and any curve 7 G 'Sy'^^, each 
non-peripheral component of Hjf.^„ ^(7) is homotopic to a curve 5 G S^ 

in C{f^{Sy)) — P{f^{Sy)). It follows that each non-peripheral component 
of /i,7^(7) with 7 G Sjy is homotopic to a curve 6 G Ti^ in C{Su) — P^. This 
means S^, is a (/ii/, Pjy)-stable multicurve. 

In the following, we will prove the 'reduction identity'. Let Wcp be the 
(/, P)-transition matrix of Cr. We define Cg := {7 G C— Cr; 7 is contained in 
a strictly preperiodic 5-piece} with (/, P)-transition matrix Wg- Let Cy = 
S^U- • -US^"" with (/, P)-transition matrix W^. Then the (/, P)-transition 
matrix Wq of C has the following block decomposition: 

/ Wcr * * ■ ■ ■ * \ 
O Ws * 
O O Wi 



Wc 



000 



Wn I 
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It follows that A(C, /) = max {A(Cr, /), A(C„ /), A(Ci, /),•••, A(Cn, /)}. 

We claim that X(Cs,f) = 0. To see this, let Sg be the collection of all 
strictly preperiodic 5-pieces. For each S G Ss, let t{S) be the least integer 
k > 1 such that f^{S) is a periodic 5-piece. Set M = max{r(5);S' G Sg}- 
For any 7 G Cg, let a be a non-peripheral component of f~^ {'^)- If a is not 
homotopic to any curve in Cr, then there is Sa & Ss such that a is contained 
in the <?-piece Es^ parallel to Sa- Moreover, for any 1 < j < M, f^{a) is 
not homotopic to any curve in Cr and f^{a) C E.j,^ .. In particular, 

fM{a) = 7 C f^''{Sa) G Ss. This implies r(5„) > M + 1. But this 
contradicts the choice of M. Thus, a is either null- homotopic, or peripheral, 
or homotopic to a curve (5 G Cr in C — P. Equivalently, W^"^ = and 
A(Cs, /) = 0. So we have 

A(C,/)=max{A(Cr,/),A(Ci,/),---,A(C„,/)}. 

Notice that the (/, i-*)-transition matrix Wu of Cu takes the form 



/ 



W, 



o 
o 



Bo 
O 



O 
Bi 



B 



\ 



W-2 

) 



000 

\ Bp^-i O O 

where Bj is a rij x n^+i matrix, rij is equal to the number of curves in T,i 
for < j < pu — 1- A direct calculation yields 



WP- 



I BqBi ■ ■ --Bp^-i 
O 



\ 



o 



o 

B1B2 • • • Bq 

o 



o 
o 



\ 



Bp^-iBo-- •-Bp,,-2 / 



+ \\{Bp„-iBo ■ ■ ■ Bp^^2) II • 



sp{Bp^_iBo ■ ■ ■ Bp^_2) 



For any fc > 1, we have 

\\{WP'^ff = \\{BoB,---Bp^^^ff^ 

It follows from Lemma 14.51 that 

sp(W,r=sp(BoSi---Bp_i) = 

On the other hand, one can verify that the (/i,y, P;y)-transition matrix of 
Tjy is BqBi ■ ■ ■ Bp^-i. It follows from Perron- Frobenius Theorem that 

A(S„ K) = sp{BoBi • • • Pp,,_i) = sp{W,)P^ = A(C,, /f ". 

Finally, we get the reduction identity 

A(C,/) = max{A(Cr,/), VA(Si,/ii), • • • , VA(S„,/i„)}. 

D 
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Lemma 4.5. Let By he a Uv x nj/+i real matrix for 1 < i' < k, n^+i = ni, 
then 

sp{BiB2 ■■■Bk) = sp{B2B3 ■■■Bi) = --- = sp(BfcSi • • • Bk-i). 

Proof. First we assume ni = • • • = n^, fix some 1 < i^ < /c, by Cauchy- 
Schwarz inequality (i.e. ||vl-B|| < ||^||||i?||), 



sp{BiB2---Bk) = lim ^/\\{BlB2■■■Bkr\\ 

n— >-oo 

= lim VII (^1 • • • B,_i){B,B,+i ■ ■ ■ 5,_i)--i(5, ■■■Bk) 



< lim Vll^i---^i^-i|lll(^^^^+i---^^-i)""^llll^>^---5fc| 

n— ^-oo 

= s-p{ByBi,+i---By^i). 

The same argument leads to the other direction of the inequality. In the 
following, we deal with the general case. Choose n > maxjni, • • • ,nfc}, for 
any 1 < z^ < A;, we define a n x n matrix Bi, by 

~ \ n D 

where we use Opxq to denote the p x q zero matrix. Then by the above 
argument, sp(i?ii?2 • • • B^) = sp(i3iyi?;y+i • • • -Biz-i). On the other hand, 

BuB^J^l ■ ■ ■ -Bjy-l 0„ 

This implies that \\{BiB2 ■ ■ ■ BkY\\ = \\{BiB2 ■ • •5fc)"|| for all n > 1. So 
sp(5i • • • 5fe) = sp(^i ■■■Bk) = MBu ■ ■ ■ By-i) = sp{By ■ ■ ■ 5^-i). 

D 






Proof of Theorem 4.1 , Sufficiency. Let C be a (/, P)-stable multicurve in 



C — P. We may assume that each curve 7 S C is contained in the interior of 



some 5-piece by Lemma 4.2 The multicurves Cr, Si, • • • , S„ are the subsets 



of C defined in Theorem 4.3 If A(r, /) < 1 (note that this implies A* = 
by Lemma 3.7) and [h^^P^) has no Thurston obstructions for each z^ G A, 
then by Theorem |4.3[ we have 

\{C,f) = max{A(Cr,/), VA(Si, /ii), • • • , VA(Sn,/in)} 

< max {A(r, /), VA(Si, /ii), • • • , VA(Sn, K)} < I. 

This means (/, P) has no Thurston obstructions. 

Necessity. Suppose that (/, P) has no Thurston obstructions. Then 
A(r, /) < 1 and A* = 0. Let S be a {K, P,,)-stable multicurve in C{Su)-Pu- 
Up to homotopy, we may assume that each curve 7 G S is contained in the 
interior of Si,, so S can be considered as a multicurve in C — P. In the 
following, we will use T, to generate a (/, P)-stable multicurve C. 
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For k > 0, let A^ C /^ (S) be a multicurve in C — P, representing all 
homotopy classes of non-peripheral curves in /^ (S). We claim that 

For any a £ Ai, (3 £ Aj with 0<i<j,ifais not homotopic to (3 inC—P, 
then a and (3 are homotopically disjoint, ('honiotopically disjoint' means 
that the homotopy classes of a and (3 can he represented by two disjoint 
Jordan curves.) 

In fact, the claim is obviously true in the following two cases: 

1. The curves a and (3 are contained in two different 5-pieces. 

2. Either a or /3 is homotopic a curve in F. 

In what follows, we assume that a and (3 are contained in the same 5-piece 
S, and neither is homotopic to a boundary curve of S. We assume further 
that they intersect homotopically. In this case, one may check that both 
p{a) and /*(/3) are contained in fl{S) = 3,^, but neither of P{a) and /*(/3) 
is homotopic to a boundary curve of S^. So /*(/?) is contained in the unique 
component of P~^{S^) that is parallel to S^- This implies i = j mod pi,. 
Since f^{f3) G S and E is (/i^, P(y)-stable, we have that /*(/3) is homotopic 
in C — P to either a curve of S or a curve of F. But this is a contradiction 
because we assume that a and f3 intersect homotopically. This ends the 
proof of the claim. 

For A; > 0, we define a collection of Jordan curves Ck such that S C Cfc C 
Aq U • • • U Afc and Ck represents all homotopy classes of non-peripheral curves 
in AqU- • -UAfc. It follows from the above claim that we can consider Ck to be a 
multicurve in C—P up to homotopy. Note that Ck is homotopically contained 
in Cfc+i, we have #Cfc < #Ck+i. Since P has finitely many components, #Cfc 
is uniformly bounded above for all k. So there is an integer A^ > 0, such 
that #C„ = #Cn for all n > iV. 

Let C = Cjy, then C is a (/, P)-stable multicurve by the choice of A^. Let 
Cr = {7 £ C; 7 is homotopic to a curve in F}, one may verify that S = {7 G 
C — Cr;7 is contained in Su}. By Theorem |4.3[ 

A(S,/i,)<A(C,/)P-<l. 

Thus {hu,P^) has no Thurston obstructions. D 

5. Realization part I: gluing holomorphic models 
The aim of the following two sections is to prove: 
Theorem 5.1. Let {f,P) be a Herman map, and 

Dec(/,P)= [ {h,,P,)\ . 
\ ueAuA* / T 

Then (/, P) is c-equivalent to a rational map if and only if A(F, /) < 1 and 
for each v £ A, {hy,Py) is c-equivalent to a rational map. 



In the proof of Theorem 5.1, without loss of generality, we assume that 
{f,P) and {hk,Pk) are quasi-regular, and the rational realizations are q.c- 
rational realizations. This assumption is not essential, we need it simply 
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because we want to use the language of quasi-conformal surgery. Without 
this assumption, one just need replace the 'Measurable Riemann Mapping 
Theorem' by the 'Uniformization Theorem' in the proof but with no other 
essential differences. 



In Section 5.1 we prove the necessity of Theorem |5.1[ The idea is as 
follows: we use the rational realization of (/, P), say {R,Q), to generate 
the partial holomorphic models of {hu,Pu)ueA- These partial holomorphic 
models take the form R^^Ie^, i^ G A, where Ei, is a multi-connected domain 
in the Riemann sphere C. The holomorphic map R^^Ie^ can be extended 
to a Siegel map or a Thurston map, say {g^,, Qu), q.c-equivalent to {h^, P^). 
Moreover, {g^, Qy) can be made holomorphic outside a neighborhood of the 
boundary dEj^. In the final step, we use quasi-conformal surgery to make the 
map [gy, Q^) globally holomorphic and get a rational realization of {h,^, P^). 



In Section |5.2[ we prove the sufficiency of Theorem 5.1 assuming F 



0. This part is the inverse procedure of Section 5.1 We use the rational 
realizations of {hy^ P^), z^ G A to generate the partial holomorphic models of 
(/, P). These partial holomorphic models can be glued along S = Fq into a 
branched covering (g, Q), holomorphic in most part of C and q.c-equivalent 
to (/, P). Finally, we apply quasi-conformal surgery to make the map {g, Q) 
globally holomorphic. 



The proof the sufficiency of Theorem 5.1 in the more general case F 7^ 
is put in the next section. 



5.1. Proof of the necessity of Theorem 5.1 To prove the necessity of 



Theorem 5.1, we need a result of McMullen Mc2j: 

Theorem 5.2 (Marked McMullen Theorem). Let R be a rational map, M 
be a closed set containing the postcritical set Pr and R{M) C M . Let F 
be a multicurve in C — M. Then A(F,i?) < 1. If X{T,R) = 1, then either 
R is postcritically finite whose orbifold has signature (2, 2, 2, 2); or R is 
postcritically infinite, and F includes a curve contained in a periodic Siegel 
disk or Herman ring. 

We remark that the definition of the multicurve in C — M is similar to 



the definition of the multicurve in C — P. Theorem 5.2 is slightly stronger 



than McMullen's original result, but the proof works equally well. 



Proof of the necessity of Theorem 5.L Suppose that {f,P) is q.c-equivalent 



to a rational map {R, Q) via a pair of quasi-conformal maps ((/>o, (t>i)- Then 
the (/, P)-stable multicurve F in C — P induces a (P, (5)-stable multicurve 
F) := {<;/>o(7);7 G F} in C — Q. Since the marked set Q contains all 



possible Siegel disks and Herman rings of P, it follows from Theorem 5.2 
that A(F,/) = A((Ao(F),P)<l. 



Note that A(F, /) < 1 implies A* = (Lemma 3.7). In the following, we 
will show that for each z/ G A, {hy,Py) is q.c-equivalent to a rational map. 

Let Hq : [0, 1] X C — )• C be an isotopy between (pQ and 01 rel P. That is, 
Hq : [0, 1] xC — )• C is a continuous map such that Hq{0, •) = <J)q, Hq{1, •) = cpi 
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and Ho^t, z) = (poiz) for all (t, z) G [0, 1] x P. Moreover, for any t G [0, 1], 
Ho{t, ■) : C — )■ C is a quasi-confornial map. Then by inductfon, for any 
A; > 0, there is a unique lift of Hf^, say -fffc+i; such that Hi^{t,f{z)) = 
R{His^i{t, z)) for all {t, z) £ [0,1] x C, with basepoint ifjfc+i(0, •) = (pk+i- 
Set (j)k+2 = -f^fc+i(l) •)• I'^ this way, we can get a sequence of quasi-conformal 
maps (j)o,(f)i,(f)2,- ■ ■ , such that the following diagram commutes. 

L (c, p) -^ (c, p) -^ (c, p) -^ (c, p) 



<t>-i 



<t>2 



t Y t 



-^ (C, Q) -^ (C, Q) -^^ (C, Q) -^^ (C, Q) 

e-ki 



One can verify that for any A: > 0, (t)k+i is isotopic to (j)k rel f^ (P). 

Fix some ly £ A, let D^ be the union of all rotation disks of {hi,,Pi,) 
intersecting dS,y. We set Dj^ = if do{Su) = 0. 

Choose an integer £ > p^ such that UF C /"^"'"^"(P), then we extend (pels,, 
to a quasi-conformal map <1> : C{Su) — t- C. We require that $ is holomorphic 
in D^ if D^ / 0. 

Note that there is a unique component E^, of f'^^iSy) parallel to S^. 
The choice of I implies dE^ C /"^"(UF) C f~ {P). By the construction 
of 0fc, we know that (t>e+pv ^'^'^ (pi ^^^ isotopic rel f~ (P). In particular, 

Denote the components o{C{Su) — {EyUDy) by {Uj;j £ I}, where / is a fi- 
nite index set. Each Uj is a disk, containing at most one point in Pi,. For any 
j £ I, let Vj (s Uj be a disk such that Uj \ Vj C /"^(P) \ P. By Measurable 
Riemann Mapping Theorem, there is a quasi-conformal homeomorphism 
^j '■ ^j ~^ *^(^) whose Beltrami coefficient satisfies /iiji^. (z) = ^^ok{z) for 
z G Vj-. If Uj contains a point p £ P^ (then V^- necessarily contains p), we 
further require that ^j{p) = ^{p)- 

We can define a quasi-conformal map ^ : C{Su) — )■ C by 



^(z) 



'$(z), Z£Dy, 

4>e+pAz), z£Eu, 

^j{z), z£Vj,j£l, 

q.c interpolation, z £ Uj \Vj,j £ I. 

One may verify that <I> is homotopic to ^ rel P^. Thus {hu,Pu) is q.c- 
equivalent to {g^, Qy) := ($0/1^,0x^-1, ^{Pu)) via (<I>, *). Moreover, {g^, Qy) 
is holomorphic outside *(Ujg/(C/j \ Vj)). 

In the following, we will construct a [g^y, (5iy)-invariant complex structure. 
For each j £ /, we may assume that the annulus Uj \ Vj is thin enough such 
that for some k > \ large enough, the set g^{^{Uj\Vj)) is contained either in 
a rotation disk of {g^, Qu), or in a neighborhood of a critical cycle (note that 
{gu,Qu) is holomorphic near this cycle). Let kj > 1 be the first integer so 
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that (gu, Qu) is holomorphic in g^ {^{Uj\Vj)). Define a complex structure in 
^(C/j \ Vj) by pulling back the standard complex structure in g^ {^{Uj \ Vj)) 

k ■ I. 

via gu . Then we define a complex structure in g'^ {^{Uj,zi{Uj \ Vj))) by 
pulling back the complex structure in ^(Ujg/(f7j \ V^)) via g'^ for all /c > 
and define the standard complex structure elsewhere. In this way, we get 
a (fl'jy, Qiy)-invariant complex structure a. The Beltrami coefficient /i of a 
satisfies ||//||oo < 1 since (guiQu) is holomorphic outside ^(Ujg/(C/j \ Vj)). 

By Measurable Riemann Mapping Theorem, there is a quasi-conformal 
map C : C — )• C whose Beltrami coefficient is fi. Let fp = C ° 9u ° C~^^ 
then fi, is a rational map and {h^, P^,) is q.c-equivalent to {fu, Co^{Pu)) via 
((" o $, C o ij/). See the following commutative diagram. 



\ 

C{S,) 



c 



c 



5.2. Proof of the sufficiency of Theorem 5.1 (F = 0). Since F = 0, 
for each 5-piece S, we have d{S) = 9o(S') C Fq, where Fq is the collection 
of (/, P)-periodic curves defined in Sectional It follows from Lemma 3.5 
that S is /^.-periodic. So S can be written as {fi{Si,);0 < j < Pu,'^ £ A}. 
Moreover, any two 5-pieces contained in the same /H,-cycle have the same 
number of boundary curves. 

Suppose that (h^^P^j) is q.c-equivalent to a rational map {Ru,Qu) via a 
pair of quasi-conformal maps {^u, ^u) for v £ A = [l,n]. 

Step 1: Getting partial holomorphic models. For each S -piece S, 
there exist a pair of quasi-conformal maps (<I>5,^5) : C{S) — ?• C and a 
rational map Rs such that the following diagram commutes: 



C{S) 



Hs 



c{f4S)) 



^U{S) 



Rs 



It suffices to show that for each /* -cycle {S^,- " > f*"~ (Su)), there exist 
a sequence of quasi-conformal maps ^s„, $j^fc(5_^),0 < k < p^ and a se- 
quence of rational maps Rfkts\,0 <k<pi, such that the following diagram 
commutes 
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C{S, 



Hs. 



H 



ciUSu)) 



f*{S^) 



^U(S^) 



Rs. 



R 



f*(S„) 



fPl^-l^O i'^'^ '•^''■' 



c(/r-^(5. 



C{S, 



/f^^^s^) 



^fi-'-^s.) 



The constructions of the two sequences of maps are as fohows: First, we 
set ^Si, = ^u and ^Si, = ^u- By Measurable Riemann Mapping Theorem, 



there is a quasi- confer mal map ^,pu-i/q ^ : Cf/f"' 



\S.)) 



C such that 



$=' 



7; 



P1/-1 



(5.) 



(o-q) = (<&5^ o Hrpv-i(g n)*((To), where uo is the standard complex 



structure. Then RfW-irc \ 



Pu 



s-°^fr-\s,)° 



$ 



ys 



'p^_i is a rational map. 

(Si,) 



i,- ■ ■ ,1, we can get a quasi-conformal map 
so that %(5^) = ^j^+i(5 ^ o Hp^^s.) " -^-1 



-/^(S.) 



Inductively, for i = 

rational map. 

Finally, we set Rs^, 
R,pi,-i,g . o • • • o i?j^(-^^-) o Rg^ implies that Rs^, is also a rational map. 



*^/,(5„) ° ^s,, ° ^ s • Then the relation Ry 



Set ^ 



msu) 



$ 



/i(5.) 



for 1 < i < Pu- The pair of quasi-conformal maps 



($ji(5^), ^ji(5^)) and the rational map i?j|(5_^)(0 < i < Pu) are as required. 

Step 2: Gluing holomorphic models. For each 5-piece S, recall that 
Es is the unique <S-piece parallel to S. Since F = 0, each boundary curve of 
S is also a boundary curve of Es- So each component of 5 — Es is a disk, 
containing at most one point in P. Let {U/.', k £ Is} be the collection of all 
components of S\Es, where Is is the finite index set induced by S. For any 
k G Is, let Vk (E f/fc be a disk such that C/^ \ T4 C f~^{P) \ P (this implies 
Vfc n P = Uk ri P)- By the Measurable Riemann Mapping Theorem, there 
is a quasi-conformal homeomorphism (j^k '■ ^k ^ ^ siYk) whose Beltrami 
coefficient satisfies 



/^<^fc(^J 



E 

e^EcUk 



X£(^)/^-j'f(E)o/(^), z G Vfc. 



Here the sum is taken over all the iS-pieces contained in Uk- If V^ contains 
a point p £ P, we further require that (pkip) = ^s{p)- 

Now we define a quasi-conformal homeomorphism ^5 : S — )■ ^siS) by 



i^s{z) 



^s{z), 

q.c interpolation, 



zGEs, 

z £Vk,k € Is, 

z€Uk\Vk,k€ls. 

Define a quasi-conformal map Q : C — )■ CbyGj^ = ip^ o ^s for all 
S £ S. The map is isotopic to the identity map rel P. Let <I> : C — ?■ C be 



A DECOMPOSITION THEOREM 26 



a quasi-conformal map such that 

5e-s 
Let ^ = <I>o0^^. The pair of quasi-conformal maps (<J>, ^) can be consid- 
ered to be the gluing of (<^s|s, ^5|s)5e5- In this way, (/, P) is q.c-equivalent 
to the Herman map {g, Q) ■= (^ o f o ^!~^,^{P)) via (<1>, ^). 

Step 3: Applying quasi-conformal surgery. We first show that the 
Herman map {g, Q) is holomorphic in most parts of C. In fact, it is holo- 
morphic outside X := "^(Uses ^keis i^k \ ^k))- To see this, we fix some 
5-piece S. The restriction g\^(^Es) ^^^ be decomposed into 

For any k £ Is, any iS-piece E C Uk, the restriction g\^(Vt:nE) can be 
decomposed into 

In either case, each factor of the decompositions of g is holomorphic in 
its domain of definition. So g\s is holomorphic outside ^(Ufce/g(C/fc \ Vfc)). 
It follows that {g,Q) is holomorphic outside X. 

Let Ra be the union of all rotation annuli of g. Then one can check that 
X C g~^{RA) \ Ra- Let ao be the standard complex structure in C, we 
define a {g, (5)-invariant complex structure a by 

^^ f(5'rM, mg_-^'{RA)\g-^+HRA), k > 1, 

[cTo, mC-Uk>i{g-HRA)\9-''^HRA)). 

Since {g, Q) is holomorphic outside X, the Beltrami coefficient /x of a 
satisfies ||/x||oo < 1- By Measurable Riemann Mapping Theorem, there is a 
quasi-conformal map C : C — )• C such that C*(o'o) = cr- Let R = (^ o g o (^^^, 
then i? is a rational map and {f,P) is q.c-equivalent to (i?, C ° ^{P)) via 
(Co$,Co^). D 

6. Realization part II: general case 



In this section, we prove the sufficiency of Theorem 5.1 in the more general 
case r 7^ 0. This is the technical part. We assume in this section that F 7^ 0, 
A(F, /) < 1 and for each z^ G A = [1, n], the map {hu, Pv) is q.c-equivalent to 
a rational map, we will show that (/, P) is q.c-equivalent to a rational map. 

The idea is to glue the holomorphic models of {hk,Pk)i<k<n along the 



curves in F U Fq, similar to Section 5.2 But this section provides very 



interesting and technical flavor because of the algebraic condition A(F, /) < 
1. In most part of this section, we deal with this condition and we will show 
that it is actually equivalent to the Grotzsch inequality in the holomorphic 
setting. Thus it enables us to glue the partial holomorphic models of (/, P) 
along S (in a suitable fashion) into a branched covering (5, Q), holomorphic 
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in most part of C and q.c-equivalent to {f,P). The last step is similar to 
the previous sections, it is a quasi- confer mal surgery procedure. 

6.1. The algebraic condition A(r,/) < 1. To begin, we recall a result 
on non-negative matrix. Let 1^ be a m x m non-negative square matrix 
(i.e. each entry is a non-negative real number). It's known from Perron- 
Frobenius Theorem that the spectral radius of W is an eigenvalue of W, 



named the leading eigenvalue. Let v 
say w > if for each i, Vi > 0. 



(vi,- 



,v„ 



be a vector, we 



Lemma 6.1 ( |CT1| , Lemma A.l). Let W be a non-negative square matrix 
with leading eigenvalue A. Then X < 1 iff there is a vector v > such that 
Wv < V. 



With the help of Lemma 6.1 , we turn to our discussion. First, A(r, /) < 1 



such that 



implies Wv < v, where W is the (/, P)-transition matrix of T and v G M is 
a positive vector. That is, there is a positive function v : F 

for any 7 G F, 

v{(3) 



iWv){j) = Y,Yl 



< vil), 



deg(f : a—?- B) 

where the second sum is taken over all components a of f^^{(3) homotopic 
to 7 in C — P. 




Figure 3. Orientation and labeling 



Recall that for each curve 7 G S, there exist exactly two 5-pieces, say 5rj" 
and S~ , such that S^ Ci S^ =7. For each curve 7 G S, we can associate an 
orientation preserved by /. We may assume that the notations S^ and S~ 
are chosen such that 5*+ lies on the left side of 7 and S~ lies on the right 
side of 7. 
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Here, we borrow some notations from Lemma 3.1, Recall that Tq is the 
collection of the (/, P)-periodic curves that generates F. For n > 1, the set 
F„ is defined by r„ = {7 G F; n is the first integer such that /"(7) G Fq}. 

One may verify that ii 6 £ /~^(F) is homotopic to a curve 7 G F in C — P, 
then 6 is necessarily contained in ^rj" U S~ . One may verify that if 7 G Fi, 
then 5 ^ 7; if 7 G Ffc for some A; > 2, it can happen that 6 = j. 

For each curve 7 G F = Un>i ^n, we will associate two positive numbers 
p(5+,7) and p{S~,'y) inductively, as follows: 

If 7 G Fi, we choose two positive numbers p{S^,^) and p{S^ ,^) such 
that 

p{S^ ,-i) + p{S~ ,-i) = 1, 



E 



^ v{^ ^ t;(7)p(5^,7), ^ e {±}. 



^ deg(/:a^/3) ^'"^^ ^ 

Suppose that for each curve a G Fi U • • • U F^, we have already chosen two 
numbers p(5^,a) and p(5~,q). Then for 7 G F^+i (note that 7(7) G F^), 
we can find two positive numbers p{S^ ,^) and p{S~,j) such that: 

p(S'+,7) + /9(5^,7) = 1, 

pel o~7,aC5"\7 

In fact, we can take 

P(S,",7) = ^^ .(ff) . - ^ {±}- 

^ ^ deg(/ : a ^ /3) 
^gro~7 °^'' ^'^ 

6.2. Equipotentials in the marked disks of rational maps. Suppose 
that (/, P) is either a Thurston rational map or a Siegel rational map, with a 
non-empty Fatou set. Recall that P is a marked set containing the postcrit- 
ical set Pf. Then each periodic Fatou component is either a superattr acting 
domain or a Siegel disk. If / has a superattracting Fatou component D, 
then every Fatou component A which is eventually mapped onto D can 
be marked by a unique pre-periodic point a £ A. We call (A, a) a I-type 
marked disk of /. Note that every equipotential in a superattracting Fatou 
component corresponds to a round circle in Bottcher coordinate. If / has a 
Siegel disk D, then it is known that the boundary dD is contained in the 
postcritical set Pf. Let zq be the center of the Siegel disk D, the intersection 
P n {D — {zq}) is either empty or consists of finitely many (/, P)-periodic 
analytic curves. Let Dq C D he the component of C — (P\ {zq}) containing 
Zq. For any k > and any component A of f~^{DQ), one can verify that 
A is a disk and there is a unique point a G A n f~^{zQ). We call (A, a) a 
II- type marked disk of (/, P). 
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In this way, for each Fatou component, we can associate a marked disk 
(A, a). An equipotential 7 of (A, o) is an analytic curve that is mapped to a 
round circle with center zero under a Riemann mapping (j) : A ^ D = {\z\ < 
1} with (p{a) = 0. The potential w{'y) of 7 is defined to be iiiod{A{dA,^)), 
the modulus of the annulus between dA and 7. One may check that these 
definitions are independent of the choice of the map (p. 

6.3. A positive function. For each curve 7 G S, we associate an open 
annular neighborhood A^ of 7. The annulus A'^ is chosen as follows: If 
7 G Fq , we take A'^ as a proper subset of the rotation annulus containing 7 
such that /(^T) = A-^W and Aynf{P-UA) = 0. If 7 G F^ for some k > I, 
then A^ is the component of f~^{Af ^'^>) containing 7. 
We define 

S* = {[/; [/ is a connected component of C — U^gs^''^}, 
£* = {V; F is a connected component of C — /^^(U^gs^''')}- 

Each element of 5* (resp. £*) is called an 5*-piece (resp. <5*-piece). We will 
use S* (resp. E*) to denote an 5*-piece (resp. <5*-piece). We remark that 
if we use S to denote an 5-piece, then the notation S* means the unique 
5*-piece contained in S; on the other hand, if we use S* to denote an 5*- 
piece, then the notation S means the unique 5-piece containing 5*. The 
convention also applies to the £^-pieces and £^*-pieces. 

Similarly as in Section [3j we define Es* to be the unique <f^*-piece parallel 
to S*. The map f^:S*^ S* is defined by f*{S*)_= f{Es*)j_ The marked 
sphere C(5*), the marked disk extension Hs* : C{S*) — >• C(/*(5*)), the 
marked set P{S*) and also the sets do{S*), di{S*),d2{S*) are defined in the 
same way. Set 

K = ^/r-i(s;) ° • • • ° %(5;) ° Hst, P: = P{S:), l<u<n. 

Consider the maps {h,^, Py) and (/i*, P*) for 1 < u < n. It is clear that 

• {hy,Pu) has no Thurston obstructions iff {h*,P*) has no Thurston ob- 
structions. 

• {hy,Py) is q.c-equivalent to a rational map iff {h*,P*) is q.c-equivalent 
to a rational map. 

We will use {h*, P*) in place of {h^, P^) in the following discussions. This 
will allow us to construct deformations in a neighborhood of each curve 7 G 
S. The advantage of this replacement will be seen in the last step of the proof 



of Theorem 5.1 (see Section 6.6) where we apply the quasi- conformal surgery 
to glue all holomorphic models together to obtain a rational realization of 

For each curve 7 G S, let a^, /3^ be the two boundary curves of A'^ . Define 

S* = {a^,/3^;7GS}, F'^ = {a^, /3^;7 G F}, F^ = {a^, /3^;7 G FJ, fc > 0. 
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Figure 4. An iS-piece S with boundary curves 
7i; 72, 73? 74- "S* contains an iS'^-piece S*, whose bound- 
ary curves are f3i, (32, /Ss and a 4. 



We define a map vr : S* — t- S by 7r(a) = 7 if a is a boundary curve of A"'. 
Obviously, for each curve 7 G S, we have 7r~^(7) = {Q-y,/3-y}. For 6 G S*, 
let Ss (resp. S^) be the unique 5-piece (resp. 5*-piece) containing 6. 

Now we define a positive function crj : S* — )■ M"*", where t is a positive 
parameter, as follows: 

First, we consider 7 G Fq. In this case, some iterate f^i'y) is contained in 
the rotation disk A of some Siegel map {h*, P*). Note that there is a largest 
open annulus ^ C A such that 

• the inner boundary of A is f^{"f), 

• An h*{P* — Rd) = 0, where Rd is the union of all rotation disks of 

We define at{'^) to be the modulus of A. By definition, 0-4(7) = ^tifi'l))- 
Now, we consider 7 G F*. In this case, 7 G di{St^)\Jd2{St^). If 7 G di{S*), 
we define 



o-t(7) =*-p(5'7,vr(7))-t;(7r(7)). 
If 7 G d2{S*), we define 

■I „/ ri \^ n o t o -^O]^, • • • , o„/, 

degi/l^j 

t • p(5^, 7r(7)) • t;(7r(7)), if 5^ G {5^ • • • , 5*}. 

In this way, for all curves 7 G S*, the quantity crt{j) is well-defined. 

Lemma 6.2. When t is large enough, the function o"i : S* — )■ M+ satisfies: 
1. For any 7 G F*, 0-4(7) < i- p{S^,t:{'^)) ■ f(7r(7)). 
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2. For every 7 G S, suppose that 7r^^(7) = {a'y,/3-y}. Then 

(^mod(yl^), ^/7G^o, 

where A^ is the rotation annulus of (/, P) that contains 7 z/7 G Fq. 

5. For every 7 G F*, if j G di{S*), then we have the following inequality: 

where the second sum is taken over all components of f~^{l3) contained in 
S* and homotopic to ^ in C — P . 

Proof 1. Notice that if 7 G F^ then 7 G di{Si^) U ^2(5^). If 7 G di{S*) or 
S* G {S"*, • • • ,5"*}, then by evaluation, at{'y) = tp{Sj,'K{'j))v{TT{'j)). Now 
suppose 7 G 82(8*) and S* G S* — {S^, ■ ■ ■ , S^}. Let p > 1 be the first 
integer such that f*{S*) G {S**, • • • ,5"*}. There is a largest number k G 
{0, • • • ,p} such that f^{-f) G d2{fi{S*)) for < j < fc. Thus we have 

'^^' deg(/|^) deg(/fc|^)- 

If f'^il) ^ do{f^{S*)), then crt{f^{^)) is a constant independent of t, thus 
ct(7) < tp{S-y,T:{j))v{T[{'^)) when t is large. 
If/'^(7)Gai(/i^(5^)),then 

t-/>(5^.(^),^(/'=(7)))-«(vr(/'=(7))) 

By the choice of the numbers {^(5*^, 7), p{S~ ,^); 7 G F}, we see that for 
any curve /3 G F — Fi = ^j>2^j, 

Since for each 7 G F*, deg(/|'y) = deg(/|7r(7)), we have that 

tp(S^.-x(,), 7r(/^-H 7)))<vr(/^-H7))) 
deg(/* 17; 



tp(5;(^),7r(/(7)))«(vr(/(7))) 



< , .., ^ < ^^(•^7' vr(7))i>(7r(7)). 

deg(/l7) 

If f''{'y) G d2{f^{S^)), then we have /c = p by the choice of k and 

t/>(5;.(^),^(/n7)))<vr(F(7))) 

"*^"^ = d^ic/^i:;^ • 

With the same argument as above, we have o"i(7) < t/3(S'-y, 7r(7))t;(7r(7)). 
2. The conclusion follows from 1 and the definition of at- 
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3. We verify the inequality directly, as follows: 



y^ y- crt(/3) 



degff : a —?- B) 



^t(/3) , ^t(/(7)) 






/3er* a~7,aC5;\7 



deg(/ : a ^ /?) deg(/|^) 



< 



>P ^ 'ym tp{Sf(^,)Mf{i)))«f{i))) , . 

i^* rsn deg(/:a^/3)+ deg(/|,) ^ ^ ^ 

pel * a~7,aC6*\7 

ll^r. im r.n deg(/:a^C) deg(/|^) 

~ ^ i^rs^ , deg(/:a^<^) deg(/|^) 

^ y- y- tv[5) tp(gj(^),7r(/(7)))^(7r(/(7))) 

~ ^ i^cSM^ ^^g(^ : « ^ '5) deg(/|,) ^ y ^ 

< tp(5^,7r(7))w(7r(7)) = 0-4(7). (^2/ ^^^ choice of the number p) 

U 

6.4. Holomorphic models. We first decompose S* into 5q U cSJ" U • • • , 
where 

So = ifiiSt); 0<j<p,,l<u<n}, 
SI = {S* G S*; k is the first integer such that f^{S*) G S^}, k>l. 

It's obvious that 5g consists of all /^-periodic 5*-pieces. 

Lemma 6.3 (Pre-holomorphic models). Suppose {h^,P*) is q.c- equivalent 
to a rational map (R^, Qy) via a pair of quasi- conformal maps ($j/, ^i^) for 
1 <u <n. Then for each S* -piece S* , there exist a pair of quasi- conformal 
maps (<l>s*,^5*) : C{S*) — ?■ C and a rational map Rs* such that ^s* 'is 
isotopic to ^s* '"e/ P{S*) and the following diagram commutes: 

C{S^) -^C{f,iS*)) 

*/*(S*) 



Rs* 
Proof. Using the same argument as the proof of the sufficiency of Theorem 



5.1 (see Section 5.2, step 1), one can show that for any 1 < u < n and any 
< k < pu, there exist a quasi-conformal map ^fk/g*\ and a rational map 
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R 



■fiist) 



such that the following diagram commutes 



*S*=1'>' 



H. 



H 



C{St) ^C(/.(5,^))- 



U(St) 



'^U(St) 



R^ 



R 



U(st) 



■cifi-'-Hstfi'-^cist) 



fS''~'^{st) 



/^""^S*) 



C 



We set ^ 



fHst) 



$jfe(5*) for < k < pu. 



For each 5* G 5^", notice that /*(5'*) € Sq, we pull back the standard 
complex structure of C to C(5*) via ^f^(^s*) ° ^s* and integrate it to get a 
quasi-conformal map ^s* '■ C{S*) — )■ C. Then Rs* := ^f^(^s*) ° ^S* ° ^s* ^^ 
a rational map. We set ^s* = ^s*- 

By the inductive procedure, for each 5^-piece {k = 2,3, •••), we can 
get a pair of quasi-conformal maps ($5-*, $5*) and a rational map Rs*, as 
required. D 

Lemma 6.4 (Holomorphic models for periodic pieces). Fix a periodic piece 
S* £ Sq. Let p be the period of S* . Then for any large parameter t > 0, 
there exist a pair of quasi-conformal maps {^^g*, ^5*) : C(5*) — )• C such that 
1. ^5* is isotopic to <1>5.* rel P{S*). 

^- ^/J5*)°/°(^*5*)~^l**s*(£;s*) = ^s-Wg^{Es*)' where Rs* is defined 
Lemma\6^ 



m 



3. The return map ft := Rf-^is*) ° " " " ° ^S* ° ^fP-Vs*) ° 



■■°%(s*) is 



either a Siegel map or a Thurston map. 

4. For each i > and each curve 7 G d{fl{S*)), let /3-y be the boundary 
curve of Ejiig*\ such that either 7 = /3^, or 7 and f3^ bound an annulus in 

S* — P. Then both ^\i(s*)i'y) ^'^^ "^^i t s*)^^'y^ "'"^ equipotentials in the same 
marked disk of fi , with potentials 



w($y,(5*)(7)) 



..(7), ^(*^,..,(ft.)) ^ ^. 



Proof. For each v E [Ij^] and each i > 0, the critical values of Hpjg*-, 
are contained in P{fi+\Sl)) an^ Hf^^sd^ifUSt))) C P(/^i(5*)). *Let 
($ji(5*), 'I '/Kg ;)) : C(/^(5*)) — ;■ C be the quasi-conformal maps constructed 
Since ^s* is isotopic to ^5j rel P* = P{S*), there is a quasi- 

isotopic to ^fP,,-i,g^,) rel 



6.3 



in Lemma 

conformal map (p^p^-i^c;*) '• C(/f'' (5'*)) 



Pif*"' {S*)) and ^5* o Hj.p,-i^^^^ = i?^p,-i^^^^ o 0^p,-i^^,^. Inductively, 

there is a sequence of quasi-conformal maps (pfi(^st) • ^ifli'^t)) ~^ ^ for 
i = Piy — 2, • • • ,1, such that i;^/«(s*) is isotopic to $jj(5*) rel PifUS*)) and 
the following diagram commutes: 
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'" '*'"l'ci fHst)f-^ 



•^fhst) 



R 



UiSt) 



^fiist) 



Cif^'^'iSt)) 



HfP^-\st) 



C{St) 



fx 



PI/-1 



(St) 



c 



^if-hst) 



This diagram together with the diagram in Lemma 6.3 imphes that for 
any 1 < i < py, the map H ci~i,c^\ o 



is q.c-equivalent to fi = Rrz-i 



o • 



o Hs* o H^p,,^i^g,^ o . . . o Hfi^st) 



fl-'ist) 



o Rs* o i?^P.-i(5j) 



° ^flist) via 



(^f.^st)Amst))- Notice that /i(0/j(5;)(^(/:(5.^)))) C </'/j(5j)(^(/:(S,^))), 
fi is either a Siegel map or a Thurston map. 

The relation /j+i o ij^i^^*-) = Rf i^g*^ o fi with /p^ = i?i, (here, Ri, is the 
rational map defined in Lemma 6.3) means that Rp/g*-^ is a semi-conjugacy 



between /j+i and /j, so their Julia sets satisfy J{fi) = Rriio*\iJ{fi+i))- 
One can check that Rfifg*\ maps the marked disks of fi onto the marked 
disks of fi+i, and maps the equipotentials of fi to the equipotentials of fi+i- 

In the following, we will construct a pair of quasi-conformal maps ($5* , ^5* ) 
C{S*) — ;■ C that satisfy the required properties. 



Step 1: Construction of <I>^* and ^%^-l,c,*^• 



We first modify ^s* 



to a new quasi-conformal map ^\ 



■ C{St 



C such that ^at is isotopic 



to $s* rel P{S*), and for each curve 7 G d{S*), the curve <1>^*(7) is the 
equipotential in a marked disk of fp^ = R^ with potential ct(<1>^*(7)) = 

via RfPu-^(sn,-, and H^p^-i^^^,^ and get a quasi- 



V.'' 



'(5;) 



0-4(7). Then, we lift <I>^ 

conformal map <1>* 1 isotopic to <1> 

/* (St) 
following commutative diagram: 



f^-'\st) 



rel P(/r"^(5*)). See the 



cui--\stf) 



pi^-i 



^'C(5,^) 






^\st? 



$* (~*s;) 



C 



V-^^sS) 



Now, we modify Hrp„-i,g^-. to another marked disk extension of f\E ,p^ 



'(SJ)' 



say -ti rpv-irgi,\, 



such that for each curve 7 G di{ff" {S^)), the curve 



$5.*(i:/^.p^-iC_5,j,N(7)) is an equipotential in some marked disk of /p. 
Since 7 G di{ft"'^{S*)), the potential of $L(-ff.p.-l,c*^(7)) s! 
larger than t37(<I>^*(/(/3^))) = at{f{f3^))- It follows from Lemma 



6.2 



that 
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deg{f\i3^)at{'y) > at{f{(3.y)) when t is large. So it is reasonable to designate 

'^(^*5;(^/r-^(5;)(7))) *° be deg(/|;3,) • ^i(7)- 

Since both f/' „p^ - 1 . „* ^ and H,p^-i/„^,. are marked disk extensions of f I r , , 

there is a quasi-conformal map ^p„_i : C(/f'' (5**)) — ;■ C(/f''^ (5*^)) iso- 
topic to the identity map rel E ,p^-i,g^AJP{fl" (S*)) such that i7.p^-i,^^x = 

We set $* 



"/r^' 



lifPi, 



(St) 



<j)* 



/r-'(5;)°^/j-i(5;)- 



'(5;) 



N°?p,y-i- It's obvious that $c*oi;^^p^-i, , 



Step 2: Construction of <&x,vo^,\ for i 



2, • • • ,1 and ^t.* 



By 



the same argument as in Step 1, we can lift ^\p^-i,„ via RfPv-2,o-t,\ and 
Hjp^~2,g^s and get a map ^\p,.-2,o*) isotopic to <5^p^-2,_5^^ rel Pifl"' (S*)). 
Then we modify H,p^-2(oi,\ to another marked disk extension of /{e „ _2 ; 
say i?^p.-2(^.) = i:f^p.-2(^j)0^p^_2, where ^p,_2 : C(/r"'(5*)) ^ Cl/f^-'l^*)) 
is a quasi-conformal map isotopic to the identity map rel E ,p^-2,g^^XJP{fl''^ {St))i 
such that for each 7 G di{f^"^ (St)), the curve ^\p„-i,r,^AHfPt.-2f„^J-f)) 
is an equipotential of fp^^i with potential equal to deg{f\^^)at{'j). We set 

Inductively, we can get a sequence of new marked disk extensions Hfi/gt\,i = 
Pi, — I,--- ,0, and a sequence of quasi-conformal maps ^Ki,Q*\,i = Pu — 
1, • • • ,1, ^*(j* such that the following diagram commutes 



Ha* li f {q*\ 

C(5*)^C(/.(5*)f-^ 



f*{St) 



H 



P1/-1 



(St)- 



^c{f^^-\st))—^cist) 



/l"'"^s;) 



St 



Rq* 



R 



U(st} 



fS"' (St) 



Moreover, for each i £ [0,p^ — l] and each curve 7 G di{fl{S*)), we require 

ro($^,+i^^,^(^j.(5j)(7))) = deg(/|/3,)cTi(7). 

Finally, we set 'i^Ki,o^,^ = ^Kirc*\ for 1 < i < pj^ — 1. 

Step 3: Prescribed potentials. In this step, we will show that for each 
< i < Pu — ^ and each curve 7 G d{fl{S*)), 



(1) 



"^(^/|{5;)W) = ^t(^)' ^(^/i(5;)(/57)) 



^f(/(/37)) 

deg(/UJ' 
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Notice that for each curve 7 G d{S*) U ^o<i<p„do{fl{S*)), the first equa- 
tion of ([1]) holds by the evaluation of zu. 

If 7 G ai(/:(5;^)) for some < i < p., thenby Step 2, $*^,+,^^^^(#^.(5j)(7)) 

is an equipotential in a marked disk (Aj+i,a) of /j+i. Since ^^i+i,^^^. ° 

Hfi{St){l) — ^fi{S*) ° ^VfS'*') ('*')' ^^ conclude that *^*pf5*\(7) is also an 
equipotential of some marked disk of fi, denoted by (Aj, b). Then i?j,(s*) : 
Aj — {6} — )■ Aj+i — {a} is a covering map of degree deg{f\p^). The potential 
of ^*/-jf5*-)(7) satisfies (here, we use A{a,f3) to denote the annulus bounded 
by a and (3) 



^(^/J(5;)(7)) = mod(^^(aAi,$*^.(5.)(7))^ 

= mod(^(aA,+i,$*^,+,(^,^(i7^.(5j)(7)))j/deg(/|;3,) 
= n7($*^,+i(^,)(#^.(5j)(7)))/deg(/|^J 

= f^t(7)- 

Now we consider 7 S d2{fl{S*)) for some < i < p,y. In this case, by the 
same argument as above, we can see that 

By the definition of at-, for 7 G d2{fl{S*)), we have 

„, , <^l(/(7)) 

"W dSg(7M ■ 

Based on this observation, we conclude by induction that ^{^Ki,^^,^^)) = 

^i(7)- 

Finally, we show that the second equation of (IT]) holds. Since for each 
i e [0,pu - 1] and each curve 7 G 9(/*(5*)), the curve ^\.+i,^.,Af{P-y)) is 
an equipotential, it follows from the relation 

that ^*i,„^>(/3^) is also an equipotential. The same argument as above yields 



■fi{st)yt^"< 



rol"^* 



The proof is completed. D 



Now, we deal with the strictly pre-periodic 5*-pieces. Let S* G 5^ for 
some A; > 1. Then f^{S*) is a /^.-periodic 5*-piece. Notice that for < 
i < k, Hfi(^s*)iPiftiS*))) C Pift+^iS*)) and each critical value of Hf,(^s*) 
is contained in Pift+^{S*)), we have that -R/.(5*) o $y.(5*)(P(/*(5*))) C 



A DECOMPOSITION THEOREM 37 

^ r^+l,g^,^{P{fl'^^{S*))) and every critical value of R,k-l,g^,^ o ••• o Rg* is 



contained in <^f,^s*)iPifHS*))) = $*.fe(5*)(^(/i=(5*))), here Rf^^s*) and 



$/-i(5*') are defined in Lemma 



6.3 



For any marked point a € P{S*) D 
{C{S*) — S*), the point Rrk-i,g^. o • • • o Rs*{^s*{0')) is the center of some 
marked disk (A, q) of some fj, where fj is a return map defined in Lemma 



6.4 



The component A$g^(Q) of {Rrk-i,^^,-. o • • • o Rs*) (A) that contains 
<I>5'*(a) is also a disk. We call (A^^^^^), $5* (a)) a marked disk of Rrk-i,^^,-, o 
oRs.. 



With the same argument as that of Lemma 6.4, we can show that 



Lemma 6.5. For any k > 1, any S* G S^ and any large parameter t > 0, 
there exist a pair of quasi- conformal maps <I>^* = ^5.* : C{S*) — t- C such 
that 

1- ^) (s*) ° f ° i^*s*y^\^%AEs*) = ^sA^^iEs*)' ^^ere Rs* is defined in 
Lemma \6.3\ . 

2. For each curve 7 € d{S*), let (3^ be the unique curve in d{Es*) homo- 
topic to ^ in C — P. Then both ^*g*{'y) and ^^g*{(3-y) are equipotentials in 
the same marked disk of Rrk-i,ai,\ o • • • o Rg* , with potentials 

deg(/|/3^j 

We decompose £* into 8*^^ US'^US'^, where 

• £ess — {Es*',S* S 5*}, it consists of all <S*-pieces parallel to some 
5*-piece; 

• £^ is the collection of all i?*-pieces E* contained essentially in an annular 
component of S'^ — Eg* for some 5*-piece S* (here, 'essential' means at least 
one boundary curve of E* is non-peripheral in C — P) ; 

• £^ = £* — {£*ss U £^). One may verify that each £^^-piece is contained 
in a disk component of S* — Eg* U (Uif*^^) for some 5*-piece S*. 

In the following, for every £^^-piece E*, we will construct a holomorphic 
model for f\E*- Given an £^^-piece E*, first notice that E* has no intersection 
with the marked set P. As we did before, we also associate a Riemann sphere 
C{E*) for E*. We mark a point in each component of C{E*) — E*, and let 
P{E*) be the collection of all these marked points. We can get a marked disk 
extension of /l^*, say He* : C(^'') -^ C{f{E*)), such that He*\e* = f\E*, 
He*{P{E*)) C P{f{E*)) and all critical values (if any) of He* are contained 
in P(f{E*)). Let 4?^* : C{E*) — t- C be a quasi-conformal map such that 
Re* '■= ^\(E*) ° ^E* ° i^%*)~^ is holomorphic. We give a remark that if we 
change ^K,^^,^ to another quasi-conformal map ^h^*) isotopic to ^^r,^t^ rel 
P{f{E*)), then we can modify $^* to a new map $J*, isotopic to <I>^* rel 
P{E*), such that Re* = ^ f(E*) ° ^E* ° {^e*)~^- This means that once we 
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Figure 5. Different types of £^*-pieces: Here, S* is an 
iS*-piece with boundary dS* = 7i U 72 U 73. Eq is an 
S*gg-piece. Et^ and E^ are £^^-pieces. E^.E^, Et, and E^ 
are £^^-pieces. 



get tlie liolomorphic map Re* , we can always assume that it is independent 
of the parameter t. We set ^g* = $g* . 

The £^^-piece E* has exactly two boundary curves a and (3 which are 
non-peripheral and homotopic to each other in C — P. By the choice of $^* 
for S* £ S*, both ^i,^^Jf{a)) and $l.^^-|(/(/3)) are equipotentials in the 



marked disks of some fj (defined in Lemma 6.4 ) or some R.k-i 



\s*r 



■oRs* 



We denote the marked disk that contains ^\,^^Jf{a)) (resp. ^^(E*){f{P))) 
by (Aa,a) (resp. (Ab,6)). It can happen that (Aa,a) = (A;,, 6). Let Aq 
(resp. A^) be the component of i?g*(Aa) (resp. i?^*(A5)) that contains 
<l>^*(a) (resp. <5^* (/?)). Then A^ (resp. A/3) contains a marked point in 
P{E*), say Za (resp. zp). The marked disks (Aq, Za) and (A^, Zjj) are called 
the marked disks of Re* ■ They are independent of the choice of t. Clearly, 
$g*(a) is an equipotential in the marked disk (Aq,,Zl„, 
equipotential in the marked disk (A^,z^), with potentials 



and $^*(/3) is an 



w{¥e*{c^)) 



^('5/(s*)(/(a))) _ atifia)) 



deg(/|. 



deg(/U) 



^('^/(i^*)(/(/3))) _ atif{f3)) 



deg(/|/ 



deg(/|/ 



We denote by A{E*) C C{E*) the annulus bounded by a and /?. By 



the 'reversed Grotzsch inequality' (see Theorem 2.2.3 in W , or Lemma B.l 
in |CT1] ), there is a constant C{E*), independent of the parameter t, such 
that 
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u.odi^,.iAiE ))) < -^-^^^ + -^-^^ + CiE 



72 




Figure 6. A 5*-piece S* with boundary dS* = 7U71 U 
72 U 73. Here, Eq is the £^*g^-piece parallel to S*, E{ and 
E2 are two £^^-pieces between 7 and (3^. 

6.5. A(r, /) < 1 implies Grotzsch inequality. For any 5*-piece S* and 
any 7 G di{S*)^ let ^J* be the annulus bounded by 7 and /3^. By the con- 
struction of <^5*,^^* : €(5"*) -> C, both <I>5*(7) and ^^*(/3^) are equipo- 
tentials. We denote the annulus between <1>5*(7) and ^^^(/J'y) by A^{S*,^). 
It's obvious that 

It/C.* .A\ _/^t /-AA „AT,t taw ,t^.\ '^tifil^l)) 



modiA\S*,j)) = w{<P's*{l)) - ^m^if^i)) = ^*(7) 



Then we have the following 

Lemma 6.6 (Large parameter implies Grotzsch inequality). When t is large 
enough, for any S* -piece S* and any 7 G di{S*), we have 

^ mod(^*^.(^(i?*))) < mod(^*(5^7)), 



£%BE*GAl, 



where the sum is taken over all the £\-pieces contained in ^5*. 
Proof. It suffices to show that when t is large enough, 

>r^ ( (^tifjaE*)) , o-f(/(fe*)) ,^^c.^^^ , ^tjfWy)) ^^ , / w t f \\ 

£X5E*cAl, ^ ^ 

where aE* and /?£;* are the boundary curves of E*, homotopic to 7 in C — P. 
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One can verify that 

.l^^c4:V^^^(^"-^) deg(/|,,jj deg(/|,,) 2^^^^A.^^^deg(/:a^/3)- 
Since S* = Fq U F*, we can decompose the sum into two parts: 

i^* r,* ^^g(^ : « ^ /3) ' .^^ ^^,. deg(/ : a ^ /3) ' 

per* a~7,aCA* P^To "~7j"CA* 

It fohows from the proof of Lemma |6.2| that / < to; (7), where 

""^^^ ■ deg(/|,) +2^1^ deg(/ : a ^ 5) ' 

if /(7) G r* (or equivalents 7 G T^ U T^ U • • • ); and 

^^^y-=T. E deg(/:«^<^)' 

if /(7) G Tg (or equivalently 7 G T^). 
For the second term, we have 

where A is the collection of all rotation annuli of (/, P). 

So if we choose t large enough such that for any 7 G Us*es*di{S*), 

E c{En + E E S!^ < </>(^7, -(7)) • vi.m - -(7)) , 

E-&ex Ae^ae/-i(ro)\ro ^^-^ '"'^ 

then the conclusion follows (notice that by the choice of the number p, we 
have p{S^, 7r{j)) ■ f(vr(7)) - ^(7) > for aU 7 G T*). D 



6.6. Proof of the sufficiency of Theorem 5.1 (F / 0). Now, we are 
ready to complete the proof of Theorem |5.1[ Here is a fact used in the proof, 
which is equivalent to the Grotzsch inequality. Let A,B C C he two annuli. 
We say that B can be embedded into A essentially and holomorphically if 
there is a holomorphic injection (p : B ^ A such that (/'(-B) separates the 
two boundary components of A. 

Fact Let A,Ai,--- ,An C C be annuli, then Ai,--- , A„ can be embedded 
into A essentially and holomorphically such that the closures of the images 
of Ai 's are mutually disjoint if and only if 



^mod(Aj) < mod(^). 



i=l 



A DECOMPOSITION THEOREM 41 



Proof of the sufficiency of Theorem 5.1, assuming F 7^ 0. The idea of the 



proof is to glue the holomorphic models in a suitable fashion along the stable 
multicurve V. 

Recall that for each 5*-piece 5*, we use S to denote the 5-piece that 
contains S* . For each curve 7 G S, A^ is the annular neighborhood of 7 



chosen at the beginning of Section 6.3 The collection of all rotation annuli 
of (/, P) is still denoted by A. 

For each 5*-piece S"*, we extend <1>^* : S* — t- <I>^*(S'*) to a quasi-conformal 
homeomorphisni ^s ■ S — )■ ^siS) such that ^s is holomorphic in (S — S*)n 
{UA). 



We first choose t large enough such that Lemma 6.6 holds. This means, 
one can embedded ^^*(£'*) holomorphically into the interior of ^s{S) for 
each i?^-piece E* contained in S according to the original order of their 
non-peripheral boundary curves so that the embedded images are mutually 
disjoint. In other words, there is a quasi-conformal homeomorphism ips '■ 
S -^ ^siS) such that 

• '^s\ds = ^s\dS and Tps is isotopic to ^s rel dS U (5 n P). Moreover, 
i^slsniuA) = ^slsniuA)- 

• ^ps\Es* = ^5*|bs*' ■^here Es* is the unique <5*-piece parallel to S*. 

• For each curve 7 E di{S), <^siS D A"/) = tl^siS D A^). 

• For every £^^-piece E* with E* C S, the map ^^* o tpg is holomorphic 

inVs(^*). 

We define a subset £a of £ hy £a = {E^E" € £\}. Let V{S) be the 
collection of all disk components of S" — Eg U {Us^^^EasE), here Es is the 
unique <?-piece parallel to S. For each D G T^{S), we construct a quasi- 
conformal homeomorphism C,d '■ D ^ ipsiD), whose Beltrami coefficient 
satisfies 

Ebecd 

here the sum is taken over all if-pieces contained in D. We further require 
C-d(p) = "05 (p) if D contains a marked point p G P. 

Let Ts be the collection of all boundary curves of ^D^vis)-^- For each 
7 G r5, notice that f{'-f) G S. Let A'^ be the component of f^^{A^^'^') 
containing 7. It's obvious that A"^ is an annular neighborhood of 7. We 
define a quasi-conformal homeomorphism ^s '■ S — )• ^siS) by 



^^siz] 



Cniz), zeD,DeV{S), 

q.c interpolation, z G U-ygPs^'^ — ^DeV{s)D- 



The map ^s satisfies: 

• ^slas = ^s|95 and ^ s is isotopic to <I>5 rel dS U (S' n P). Moreover, 
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• For every £*ggU£\-piece E* C S, the map <I>j(£;)o/o^^ is holomorphic 
in ^5(£;*). 

• For every <f-piece E C ^DeV(S)^^ ^^^ ™^P ^f(E)°f°^^ is holomorphic 
in ^!s{E). 

Now, we define a quasi-conformal map G:C— 7'Cby0|5 = ^^ o (^g 
for all S £ S. It's obvious that is isotopic to the identity map rel P. 
Moreover, for each curve 7 G F, we have 6(7) = 7 and A^ C @~^{A'^). Let 
<I> : C — )• C be the quasi-conformal map whose Beltrami coefficient satisfies 



fJ-^iz) = X] ^s{z)fi>s>s{z), z G 



ses 

Set ^ = <!> o 0^^. Then {f,P) is q.c-equivalent to the Herman map 
(5, Q):={^ofo VI/-1, $(P)) via ($, ^). 

One can verify that g is holomorphic outside X := $(U^gru(Usg5rs)^''^)- 
To see this, notice that if E* £ £*gg[j£^ and E* is contained in some 5-piece 
S, then the decomposition 

9\^{E*) = (^ o ^]Ie)) ° (^f{E) °f° ^5^) ° i'^s ° ^"^)k(£*) 

implies that g is holomorphic in ^{E*) since each factor is holomorphic. If 
E gS andE C D £ V{S), then 

9\^{E) = (^ o ^7(^i5)) ° i^f(E) 0/0 Cd^) ° i^S ° ^"^)k(B), 

SO 5 is holomorphic in ^(E). 

The last step is to apply the quasi-conformal surgery. For each curve 
7 G F, let ^(7) be the first integer p > 1 such that f^{'y) G Fq and L = 
max^gr '-(7)- One may verify by induction that for any j > 1, 

g-^{^{uA)) = ^((0 o /)-■'■ (U^)) D ^(U^6r,.w<j^^)- 

In particular, g^^^^{"i>{uA)) D X. Let ctq be the standard complex 
structure in C Define a (g, (5)-invariant complex structure a by 

mg-''{^{uA))\g-''+^{^{uA)), k>l, 
"" " ^ in C - U,.>i(<7-'^(*(U^)) \ ff-'=+H^(U^))). 

Since {g, Q) is holomorphic outside X, the Beltrami coefficient /x of a 
satisfies ||/^||oo < 1- By Measurable Riemann Mapping Theorem, there is a 
quasi-conformal map C : C — )• C such that C*(o"o) = o"- Let R = C, o g o C,~^^ 
then i? is a rational map and {f,P) is q.c-equivalent to {R,C ° ^(P)) via 
(Co$,Co^). D 

7. Analytic part: renormalizations 
In this section, we discuss rational-like maps, renormalizations of rational 




maps and prove Theorem 2.9 
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7.1. Rational-like maps. A rational-like map g : U ^ V is a. proper 
and holomorphic map between two multi-connected domains such that U C 
y C C and the complementary set C — X of X G {U, V} consists of finitely 
many topological disks. In our discussion, we always assume V y^ C and 
the degree of g is at least two. The filled Julia set is defined by K(g) = 
C\n>i 5~"(^)) the Julia set is defined by J{g) = dK{g). The Julia set J{g) is 
not necessarily connected even if K{g) is connected (but in the polynomial- 
like case, the connectivity of K{g) always implies the connectivity of J{g) 
by the Maximum Modulus Principle). 

Two rational-like maps gi and 52 are hybrid equivalent if there is a quasi- 
conformal conjugacy (j) between gi and g2, defined in a neighborhood of 
K{gi), such that d(p = on K{gi). We call <J3 a hybrid conjugacy between 
gi and g2- These definitions are simply the generalizations of Douady- 
Hubbard's definitions for polynomial-like maps [DH3]. 

The following is an analogue of Douady-Hubbard's straightening theorem: 

Theorem 7.1 (Straightening theorem). Let g : U ^ V be a rational-like 
map of degree d > 2, then 

1. The map g is hybrid equivalent to a rational map R of degree d. 

2. If K{g) is connected, then g is hybrid equivalent to a rational map R of 
degree d, which is postcritically finite outside (j)[K{g)). Here 4> is the hybrid 
conjugacy. Such R is unique up to Mobius conjugation. 

Remark 7.2. 1. A rational-like map g : U ^ V can be hybrid equivalent 
to a rational map of degree greater than d. 



2. In the second statement of Theorem 7.1, if we do not require the 
degree of R, then R may be not unique up to Mobius conjugation even if 
R is postcritically finite outside (j){K{g)). For example, we can consider 
the McMullen map: f\{z) = z"' -\- X/z'^ with n > 3. Here X is a complex 
parameter such that f\ is postcritically finite and the Julia set is a Sierpinski 
curve. We denote by B\ the immediate attracting basin of 00. In this case, 
fx is strictly expanding on dB\. There is an annular neighborhood A of dB\ 
such that fx\A'. A ^ /a(^) is a rational-like map. It is hybrid equivalent to 
the power map z ^ z^, with degree lower than that of fx. More details can 
be found in IQWY J. 



3. If K{g) is connected and C — K{g) consists of two components, then 
there are two annuli U' ,V' such that K{g) (^ JJ' <^ V <^ V and the re- 
striction g\ui : U' ^ V is a rational-like map. In this case, K{g) is a 
quasi-circle. 

Proof. 1. The proof is a standard surgery procedure. By shrinking V a little 
bit, we may assume that each boundary curve of U and y is a quasi-circle. 
We then extend g : U ^ V to a quasi-regular branched covering G : C — )• C 
such that G is holomorphic in C— y and G maps each component Uk ofC — U 
onto a connected component V^- of C — V, with degree equal to deg (gldu^)- 
Such extension keeps the degree. By pulling back the standard complex 
structure ao on C — V via G, we get a G-invariant complex structure 
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jiC^riao), mG-HC-V), k>l, 
[ao, in K{g). 

The Beltrami coefficient ^ oi a satisfies lAKig) — s-^id ||/i||oo < 1- Let (j) 
solve the Beltrami equation dcf) = Iid4>. Then R = (j) o G o (j)^"^ is a rational 
map and (/> is a hybrid conjugacy between g and R. 



2. By a hole- filling process (see Theorem 5.1 in CTl, , or Proposition 
6.5.1 in [W]), we can find a suitable restriction g\jji : U -^ V oi g with 
K{g) (E trk V (£V such that 

a). All postcritical points of g\ifi in V' are contained in K[g). 

b). Each connected component of V — U' is either an annulus or a disk. 

Note that such V' can be chosen arbitrarily close to the filled Julia set 
K{g). (To see this, one may replace V by g~ (V) for some large k, and a), 
b) stiU holds.) 

In this way, each component Ui of C — U' either is contained in V' or 
contains a unique component Vj of C — y. In the former case, we mark a 
point p £ Ui and get a marked disk {Ui,p)] in the latter case, we mark a 
point p G Vj, and get two marked disks {Vj,p) and {Ui,p). We extend g\ui 
to a quasi-regular branched covering G : C — )• C such that 

1). For each component t/j of C — C/', G maps the marked disk {Ui,p) 
to the marked disk {Vk,q), where Vk is the component of C — F' whose 
boundary is g{dUi). We require that G{p) = q and the local degree of G at 
p is equal to deg ig\du,)- _ 

2). We further require that G is holomorphic in C — V. 

By pulling back the standard complex structure on C — y , we can get a G- 
invariant complex structure whose Beltrami coefficient fi satisfies ^^iKig) = 
and 1 1/^1 loo < 1- Let (/> solve the Beltrami equation d(j) = fid(j). Then 
R = (f)o G o (p^^ is a rational map, postcritically finite outside <j){K(g)), as 
required. 

To prove the uniqueness, we need investigate some mapping properties of 
R, a rational map of degree d, to which g\if' is hybrid equivalent via (j), and 
postcritically finite outside (j){K{g)). We assume V' is sufficiently close to 
K{g) so that (j) is defined on V' . Then g\i[i induces a suitable restriction 
R\^(jji\. Let Xi be the collection of all components of C — (p{K{g)) which 
intersect with the boundary curves of (j){V') and X2 be the collection of all 
components of C — (j){K{g)) which intersect with the boundary curves of 
(j){U'). It's obvious that Xi C <^2- Since the degree of R is equal to d (this 
is very important), we have that 

{U is a component of R^ {X); X G Xi} = X2. 

Thus for each X £ X2, R{X) E X2. This implies that each X £ X2 is 
eventually periodic under the map R. Suppose X G ^2 is -R-periodic, with 
period p. Since R is poscritically finite outside (j){K{g)), RP\x '■ X ^ X \s 
proper and each critical point in X has finite orbit. Thus R^\x is conformally 
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conjugate to z i— )• z , where d = deg(i?^|x) > 2 (see DHl 
for a proof of this fact). It fohows that for all X ^ X2, the proper map 
R\x ■ X — )■ R{X) has only one possible critical point, which is eventually 
mapped to a superattracting cycle. Base on these observations, we are now 
ready to prove the uniqueness part of the theorem. 

Suppose that Ri and R2 are two rational maps of degree d, both are hybrid 
equivalent to g\ui and poscritically finite outside 4)i[K{g)) and (j)2{K{g)), 
respectively. Here, (pi is a hybrid conjugacy between g\iji and Ri, i = 1,2. 
We assume that V is sufficiently close to K{g) such that 4>i is defined on U' . 
Then g\ij' induces two restrictions i?j|^.([//),i = 1, 2 and a hybrid conjugacy 
(j) = (f)2 o (j)^ between them. One can construct a pair of quasi-conformal 
maps (po,fi : C — )■ C such that 

a), ipo o Ri = R2 o ipi on C. 

b). (po,ipi are isotopic rel cl)i(K{g)) U Pr^ and ipo\<i,^{u') = ^i\mu') = 

4>\mu')- 

c). (po,^i are holomorphic and identical in a neighborhood A*" of all su- 
perattracting cycles of i?i in C — <j)i{K{g)). 

Then there is a sequence of quasi-conformal maps {(^„,n > 0} such that 
ifn o Ri = R2 ° Vn+i and ipn is isotopic to ifn+i rel R^"{(pi{U') U Pr^ U A^). 
The quasi-conformal map ipn satisfies dfn = on (f)i{K{g)) U R'^'^{N). 
The sequence {fn} has a limit quasi-conformal map ip = liunpn. Since the 
Lebesgue measure of C — 4>i{K{g)) U Ri"'{N) tends to zero as n — )• 00, the 
map ip satisfies dip = outside a zero measure set. It is in fact a holomorphic 
conjugacy between Ri and i?2- n 



7.2. Herman-Siegel renormalization. In this section, we will discuss the 
renormalizations of Herman rational maps. 

Let (/, P) be a Herman rational map. The decomposition procedure in 
Section [3] yields finitely many /^.-cycles of 5-pieces: 

S, ^ MS.) ^ • • • ^ n^'HSu) ^ f.-iSu) = Su, \<v<n, 

where Sy is a representative of the z^-th cycle and -pv is the period of Sy. 

For i G [l,re], let Vi = Si and Ui be the unique component of f~^^{Si) 
parallel to Si. The triple (/^S Ui,Vi) can be considered as a renormalization 
of {f,P). In general, Ui is not contained in the interior of Vi (for example, 
if some boundary curve 7 of Vi is also a curve in Fq, then 7 is necessarily a 
boundary curve of Ui). For this reason, we call (/^% Ui, Vi) a Herman-Siegel 
('HS' for short) renormalization of {f,P). 

We should show that deg(/P%J > 2 for all i £ [l,n]. In fact, if F = 0, 
then all boundary curves of U are contained in Fq and Ui contains at least 
one critical point of f^^\ui- In this case, deg(/^*|[7.) > 2. If F 7^ 0, then it 



follows from Theorem 5.2 that A(F, /) < 1. We conclude from Lemma 3.7 
thatdeg(/PHt/,)>2. 



A DECOMPOSITION THEOREM 46 

The filled Julia set Ki and Julia set Jj of the HS renormalization (/^' ,Ui,Vi) 
are defined as follows: 

Ki = nk>o{r%J-HUi), Ji = Kin J{f). 

Note that dKi is not a reasonable definition of the Julia set because dKi 
may contain a curve in Tq. One may check that Ki is connected. Moreover, 
Ji = dKi if and only if d{Vi) n Fq = (in this case, Ki is contained in the 
interior of Vi). We say that {f^',Ui,Vi) is hybrid equivalent to a rational 
map R, if there is a quasi-conformal map (j) defined in an open set iVj such 
that 

a). Ki\dUiCNiCUi; 

b). d^ = on Ki\dUi; 

c). (|)ofP^=Ro^m{fP^\u,)-HN^)nN,. 

Theorem 7.3 (Herman-Siegel renormalization). Let (/, P) be a Herman ra- 
tional map and (/^S Ui, Vi),i £ [^,n] be all the HS renormalizations defined 
above. Then 

1. For each i G [1, n], the HS renormalization [P\ Ui,Vi) is hybrid equiv- 
alent to a rational map Ri of degree deg(/^*|[7.) which is postcritically finite 
outside (j){Ki). Here (p is the hybrid conjugacy. Such Ri is unique up to 
Mobius conjugation. 

2. The Julia set J{f) has zero Lebesgue measure (resp. carries no in- 
variant line fields) if and only if for each i G [1,?t.], the Julia set Ji has zero 
Lebesgue measure(resp. carries no invariant line fields). 

Here, we say a rational map / carries an invariant line field if there is 
a measurable Beltrami differential ^ = fi{z)dz/dz supported on a measur- 
able subset E C J{f) such that E has positive measure and f*fi = fi a.e. 

(here, /*/i := /i(/(w)) ,1^?^^ ). The definition can be generalized to f^^\ui 
similarly. 

The proof of the first statement is essentially the same as that of Theo- 
rem 7.1 and the straightening map Ri is either a Siegel rational map or a 



Thurston rational map. We omit the details here. The proof of the second 



statement is based on the following ( [Mc2 , Theorem 3.9): 



Theorem 7.4 (Ergodic or attracting). Let f be a rational map of degree at 
least two, then either 

• J if) — 'C and the action of f on C is ergodic, or 

• the spherical distance d{f^{z), Pf) — )• for almost every z G J{f) as 

n — )• oo. 



Proof of 2 of Theorem \7.3[ Let £ess C i5 be the collection of all iS-pieces 
(defined in Section Isl) that are parallel to the 5-pieces. Each element E E 
£ \£ess contains at most one point in the postcritical set Pf. Moreover, the 
boundary of E is contained in the Fatou set F{f). 
We can define an itinerary map by: 
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■ \z^{Eo{z),Ei{z),E2{z),---). 

where Ek{z) is the unique <5-piece containing f^{z). 

Given a point z £ J{f) with itinerary iter{z) = {Eq{z), Ei{z), E2{z), ■ ■ ■), 
one can verify that z G Ufc>o/~'^( JiU- • -U J„) if and only if there is an integer 
A^ (depending on z) such that for all k > N, Ek{z) G Sess- Moreover, the 
set Ufc>o/~'^(Ji U • • • U Jn) contains all the boundaries of rotation domains, 
together with their preimages. 

This implies that if 2: G J{f) — ^k>of^^{Ji U • • • U Jn), then there exists 
a sequence of integers {nj;j > 1} such that En^iz) £ £ \ Sess for all j > 1. 
By passing to a subsequence, we assume {E'„^. (z);j > 1} satisfies either of 
the following three properties: 

1. En^ {z) n P/ = for all j > 1. 

2. For all j > 1, En . (z) n Pj 7^ and En (z) contains a point in Pf. This 
point is contained either in the Fatou set or in the grand orbit of a repelling 
cycle. 

3. For all j > 1, En^iz) fl P/ 7^ and Enj{z) contains a point in Pj and 
the forward orbit of this point accumulates on PC n J(/), where PC is the 
accumulation set of the postcritical set Pf. 

In the first two cases, one may easily check that limsup(i(/"(2;),Pj) > 0. 

In the last case, the set {En^ iz);j > 1} can be rewritten as {Ei, • • • , Em}, 
which is a finite subset of <? \ Sess ■ Note that each Ei^ is contained in a disk 
component or an annular component of U5— Ui^ess, there is an integer M > 
such that f-^'\EiU- ■ ■UEm)nPf = 0. If limsupd(/"(z), Pf) = 0, then there 
exists a sequence of integers {£j} such that d{f^^ (z), {EiU- ■ •U£'m)nP/) — )• 
as j -^ 00. It follows that f^~'^^{z) G f~'^{Ei U • • • U E^) for all large j. 
Since the boundary of each component of f~^{Ei U • • • U Em) is contained 
in the grand orbits of the Herman rings of /, there is a number e{z) > 
such that d{f^^~^^{z),Pf) > e{z) for all large j. But this contradicts the 
assumption that limsup(i(/"(2;),Pj) = 0. So in this case, we also have 
limsupd(/"(z),P/) >0. 

Thus, for any z G J{f) — ^k>of^^(,Ji U • • • U Jn), we have 

limsup(i(/"(z),P/) >0. 



It follows from Theorem 7.4 that the Lebesgue measure of J(/)— Ufc>o/^ ( JiU 
• • • U Jn) is zero. This means Leb{J{f)) = if and only if for each k G [1, n], 
Leb{Jk) = (here, we use Leb to denote the Lebesgue measure). 

Suppose that J{f) carries an invariant line field. That is, there is a 
measurable Beltrami differential fi supported on a positive measure subset 
E of J(/) such that /*^ = /i a.e, and \fi\ = 1 on E. Let /i^ = fJ-lj^. for 
k G [l,n]. It follows from the above argument that there exists i G [l,n] 
with Leb{Ji Ci E) > 0. Then the relation {f^^\ue)* l-i-i = /^£ implies that ^^ is 
an invariant line field of /^^ | rj^ . Conversely, suppose that ^^ is an invariant 
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line field of /^* | jj^ , then the Beltrami differential defined by 

fc>0 

is an invariant line field of /. D 



7.3. Proof of Theorem 2.9| , First, we need some lemmas. 



Lemma 7.5 (Q.c-equi valence implies q.c-conjugacy). Let {f,P) and {g,Q) 
be two HST rational maps. If (/, P) and {g, Q) are q.c- equivalent via a pair 
of quasi- conformal maps {(po,(pi), then there is a quasi- conformal map (j), 
holomorphic in the Fatou set F(f) (probably empty), such that (f)f = gcj). 

Proof. We first deal with the case J{f) = C. In that case, {f,P) is post- 
critically finite. If (/, P) is not a Lattes map, then (/, P) and {g, Q) are 
Mobius conjugate by Thurston's theorem. If (/, P) is a Lattes map, then 
there is a sequence of quasiconformal maps (pk such that cpkf = g(t>k+i and 
(j)k is isotopic to (pk+i rel f~^{P). Since all (pk have bounded dilatations and 
^k>of~^{P) = J{f) = C, the sequence (j)k converges to a quasi-conformal 
map which is in fact a conjugacy between (/, P) and {g, Q). 

In the following, we assume J(/) 7^ C. By the definition of q.c-equivalence, 
00 and (f)i are holomorphic and identical in the union of all rotation domains 
Rf of / (if any). If / has a super attracting cycle zq ^^ zi ^^ ■ ■ ■ ^^ Zp_i 1— t- 
Zp = zQ) then we can modify (J)q and (j)i such that they are holomorphic and 
identical near the cycle. The modification is as follows: 

First, note that for any < z < p, (j)o{zi){= 4>i{zi)) is a superattracting 
point of g. We can choose a neighborhood Ui of Zi (resp. Vi of (pQ{zi)), 
a Bottcher coordinate BJ^ : C/j — )• D (resp. Bf : Vi — )• D), such that the 
following diagram commutes: 

[/,- '-^ B ^-^- Vi 



f 



I 



9 



Y 



Ui+i ^ D -. Vi 



-1 



where di is the local degree of / at Zi. By suitable choices of the neigh- 
borhoods Ui and the Bottcher coordinates, we may assume that (po and (pi 
satisfy (/)o\ui = (pilui = {Pf)^^ ° Pf ■ ^ suitable modification elsewhere 
guarantees (p^f = gcpi. 

In this way, (pQ and (pi can be made holomorphic in a neighborhood Nsa 
of all superattracting cycles of / (if any). Then we construct a sequence 
of q.c maps {(pk; A: > 0} by (pkf = g(pk+i so that (pk is isotopic to (pk+i rel 
f~^{PLiNsA)- Since Uk>of~''{P U Nsa) = C, the sequence (pk has a unique 
limit (p, holomorphic inUfc>o/^'^(-R/U Nsa) = P{f)^ as required. D 
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Now let Mi(J(/), /) be the space of invariant line fields carried by (/, P) 
(we define Mi(J(/),/) to be {Odz/dz} if {f,P) carries no invariant line 
field). It's known from McMullen and Sullivan |McS] that Mi(J(/),/) is 
either a single point or a finite-dimensional polydisk. From Lemma |7.5[ we 
have immediately: 

Lemma 7.6. Mg,{f,P) ^ Mi{J{f)J). 

Proof. By Lemma |7.5| Mqc{f\ P) is the space of all rational maps (up to 
Mobius conjugation) q.c-conjugate to {f,P). Moreover, each element of 
Mqcif, P) corresponds to a unique quasiconformal map cp up to post-composition 
a Mobius map so that (j) is holomorphic in the Fatou set F{f). This induces 
a unique Beltrami differential jjl^j, G Mi(J(/),/). The converse is immedi- 
ate. D 



Proof of Theorem 2.9. Let (/, P) be a Herman rational map and (/^S Ui,Vi),i G 
[1, n] be all its HS renormalizations defined in Theorem 7.3, whose straight- 
ening maps are denoted by {hi, Pi) respectively. We may renumber them so 
that {hi,Pi)i<:i<rn are Siegel rational maps and the rest are Thurston ratio- 
nal maps. Let Mi{Ji, f^^lij.) be the space of invariant line fields carried by 
ifP%U^,Vi). By Theorem^ we have Mi{JiJP%^)^ Mi{ J {hi), hi). By 
Lemma 3.7, none of {hi,Pi)m<i<n is a Lattes map, thus Mi{J{hi),hi) is a 



singleton. To prove Theorem |2.9[ it suffices to show 

Mi(^(/),/) = Mi(Ji,ri|aJ X ••• xMi(J„,r-|^^). 

We define $ : Mi(J(/),/) ^ Ah{Ji, fP^\u,) x ••• x Mi(J„, /p-|j;^) by 
^{^^) = (/"|ji> • • • >/^|jm)- Its inverse is given by 

pfc+l\*,_ ( fk\ 



^ ^(/^l,--- ,^m) = 

Thus $ is a isomorphism 



i<e<m 



E( 

fe>0 



f^i + } Mr^) f^i 



{n^i] 



D 



8. Corollaries 



In this section, we shall prove Theorems 2.10 and 2.11 
Proof of Theorem \2.10 . Let {f,P) be an unobstructed Herman map. By 
Theorem |2.7[ there are finitely many unobstructed Siegel maps and Thurston 
maps, say {hk, Pk)i<k<n, such that the rational realization of {f,P) de- 
pends on that of {hk,Pk)i<k<n- We may renumber them so that the first 
m maps are Siegel maps and the rest are Thurston maps. The decomposi- 



tion procedure implies that m < nRj:i{f) + 2nRA{f) ■ By Lemma 3.7, none of 
{hk, Pk)m<k<n has an orbifold with signature (2, 2, 2, 2). Thus by Thurston's 
theorem, all {hk,Pk)m<k<n have rational realizations. The rational realiza- 
tion of (/, P) actually depends on that of {h^, Pk)i<k<m- D 
To prove Theorem |2.11[ we need the following 

Theorem 8.1 (Characterization of Siegel disk, |Z2| ). Let {S,Z) be a Siegel 
map. Suppose that {S, Z) has only one fixed rotation disk D of bounded type 
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rotation number and Z \ D is a finite set. Then (S, Z) is c-equivalent to a 
rational function {R, Q) if and only if (S, Z) has no Thurston obstructions. 
The rational function (R, Q) is unique up to Mobius conjugation. 



Proof of Theorem 2.11. We may assume that {f,P) is unobstructed. By 
Theorem 2.10 there are two Siegel maps {hi,Pi),{h2,P2) such that the 
rational reahzation of {f,P) depends on that of {hi, Pi),{h2, P2)- Each of 
{hk, Pk) has only one fixed rotation disk D ^ of bounded type rotation number 



and Pk \ Dk is a finite set. By Theorem 8.1 and Theorem 2.10, {f,P) has 
an rational realization. The converse follows from Theorem 15.21 

The rigidity part: Note that any two rational realizations of (/, -P) are 



c-equivalent. It's known in Zl that for any rational map, the boundary 
of a Siegel disk with bounded type rotation number is a quasi-circle. This 
implies any two rational realizations of (/, P) can be made q. c-equivalent. 
So Mtopif,P) = Mqc{f,P). It follows from Theorems [2l9| and [sl] that 
Mqcif, P) is a singleton. So dose Mtopif, P). □ 
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